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NUMBERSYSTEM
Natural Numbers
Counting numbers 1, 2, 3, 4, 5,..... are known as natural
numbers. The set of all natural numbers can be represent
by

N={1,2,3,4,5,...}

Whole Numbers

If we include 0 among the natural numbers, then the

numbers 0, 1,2, 3,4,5..... are called whole numbers. The set

of whole numbers can be represented by
w=1{0,1,2,3,4,5,....}

Clearly, every natural number is a whole number but 0 is a

whole number which is not a natural number.

Integers
All counting numbers and their negatives including zero
are known as integers. The set of integers can be
represented by

Z={...-4,-3,-2,-1,0,1,2,3,4,...}

Positive integers

ThesetI"= {1, 2,3, 4,....} is the set of all positive integers,
Clearly, positive integers and natural numbers are
synonyms.

Negative integers
The set I = {—1, -2, -3,....} is the set of all negative
integers. 0 is neither positive nor negative.

Non-negative integers
The set {0, 1, 2, 3,....} is the set of all non-negative
integers.

Even or Odd Numbers

Number which are divisible by 2 are called even and which
are not divisible by 2 called odd number. In general, even
numbers can be represented by 2n and odd numbers can

be represented by 2n £ 1, where 7 is an integer

nts to Remember
The sum and product of any number of even numbers is
an even number.
The difference of two even numbers is an even number.
The sum of odd numbers depends on the number of
numbers.
If the number of numbers is odd, then sum is an odd
number.
If the number of numbers is even, then sum is an even
number.
If the product of a certain number is even, then atleast one

of the number has to be even.

Rational Numbers

The numbers of the form P where p and q are integers
q

and q # 0, are known as rational numbers.

@

(b)

etc. The set of all rational numbers is

denoted by Q.

ie. Q:{XZX:B;p,qELin}
q

. . a .
Since every natural number a can be written as 1’ soais

. ) 0
rational number. Since 0 can be written as Tand every

. . a .
non-zero integer ‘a’ can be written as T’ so it is also a

rational number.

Every rational number has a peculiar characteristic that
when expressed in decimal form is expressible either in
terminating decimals or non-terminating repeating

decimals.

Terminating Decimal :

Let x be a rational number whose decimal expansion

terminates. Then, x can be repressed in the form p , Where

q
p and q are co-primes, and prime factorizations of q is of the
form 2™x5" where m, n are non-negative integers. In this a

finite number of digit occurs after decimal.

1 11 3
F le: —=0.5,—=0.6875, —=0.15 etc.
or example 5 T 20

Non-Terminating and Repeating

(Recurring Decimal)
Let x o be a rational number, such that the prime
q

factorization of q is not of the form 2™x5", where m, n are
non-negative integers. Then, x has a decimal expansion which
is non-terminating repeating. In this a set of digits or a

digit is repeated continuously.

_ 5 —
For example : % =0.6666....= 0.6 and T =0.454545....=045

1.9 Irrational numbers

Those numbers which when expressed in decimal form are
neither terminating nor repeating decimals are known as

irrational numbers,

e.g 2,/3,5, n. etc.
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Note That the exact value of 7 is not 77 is rational while 7t

L 22 . .
is irrational numbers. el is approximate value of .

Similarly, 3.14 is not an exact value of it.

1.10 Prime Number
Except 1 each natural number which is divisible by only 1
and itselfis called as prime numbere.g. 2,3,5,7, 11,13, 17,
19,23,29,31, ..... etc.

1.11 Co-prime
A pair of two natural numbers having no common factor,
other than 1, is called a pair of co-primes.
ForEx. (3,5),(4,5),(5,6),(7,9), (6, 7) etc., are co-primes

1.12 Twin primes
Prime numbers differing by two are called twin primes, e.g.
(3,5),(5,7),(11, 13) etc are called twin primes.

1.13 Prime triplet
A set of three consecutive primes differing by 2, such as
(3, 5,7)1s called a prime triplet.
“every prime number except 2 is odd

but every odd number need not be prime”

1.14 Fractions

(a) Common fraction Fractions whose denominator
isnot 10.
Fractions whose denominator
is 10 or any power of 10.

Numerator < Denominatori.e.

3

5
Numerator > Denominator i.e.

5

(b) Decimal fraction

(c) Proper fraction

(d) Improper fraction

3
(e) Mixed fraction Consists of integral as well

. . 2
as fractional part i.e. 37

Fraction whose number and
denominator themselves are

2/3

fractions i.e. m

(f) Compound fraction

1.15 Composite numbers
All natural numbers, which are not prime are composite
numbers. If C is the set of composite number than
C=1{4,6,8,9,10,12.....}

1.16 Imaginary numbers

All the numbers whose square is negative are called

imaginary numbers. e.g. 3i,—4i, ....., where 1= J-1.

1.17 Complex numbers
The combined from of real and imaginary numbers is known
as complex number.
Itis denote by Z =A +iB, where A is real and B is imaginary
partof Zand A, BER.

2. SET THEORY
2.1 Basic Definition Of Set

A set is a well defined collection of objects. Here term
‘well defined’ means that there is some definite rule on the
basis of which one can decide whether an object is in the
collection or not. Sets are generally denoted by capital
letters e.g., A, B, C, X, Y, Z etc. If an object ‘a’is in the set A,
then we say that ‘a’ is an element of set A or ‘a’ belongs to
set A and we write a € A. If ‘a’ is not in set A, then we say
that ‘a’ does not belong to set A and we write a ¢ A.

The collection of cricketers in the world who have
played at least five test matches is a set. However, the
collection of good cricket players of India is not a set,
becasue the term “good player” is vague and it is not well
defined.

Example 1 Which of the following collection is a set ?

(a) The collection of all girls in you class.

(b) The collection of intelligent girls in your class.

(c) The collection of beautiful girls in your class.

(d) The collection of tall girls in your class.

Ans. (a)

Solution Clearly collections (b), (¢) and (d) are not well defined
collections. So, they do not form a set

A set is often described in one of the following two ways.

a. Notation of a set : Sets are denoted by capital letters like A,
B, Cor { } and the entries within the bracket are known as

elements of set.

b. Cardinal number of a set : Cardinal number of a set X is the
number of elements of a set X and it is denoted by n(X) e.g.
X=[x,%,%,] - n(X)=3

2.2 REPRESENTATION OF SETS
a. SetListing Method (Roster Method) :
In this method a set is described by listing all the
elements, separated by commas, within braces { }
For example, the set of vowels of English Alphabet
may be described as {a, e, 1, 0, u}.
The order in which the elements are written in a set
makes no difference. Also, the repetition of an element has

no effect.
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b. Setbuilder Method (Set Rule Method) :

In this method, a set is described by characterizing
property P(x) of its elements x. In such case the set is
described by {x : P(x) holds} or {x | P(x) holds}, which is
read as the set of all x such that P(x) holds. The symbol °|” or
‘2’ is read as such that.

The set of all even integers can be written as
E={x:x=2n,n € Z}

Example 2 Write the solution set of the equation x*+x—-2=0
in roster form.
Solution The given equation can be written as
x-1)(x+2)=0,ie,x=1,-2
Therefore, the solution set of the given equation can
be written in roster formas {1,-2}.

Example 3 Write the set {x : X is a positive integer and

x* < 40} in the roster form.
Solution The required numbers are 1, 2, 3,4, 5, 6. So, the given
set in the roster formis {1,2, 3,4, 5, 6}.

Example 4 Write the set A= {1,4,9, 16, 25, ....} in set-builder
form.
Solution We may write the set A as
A = {x: x is the square of a natural number}
Alternatively, we can write

A= {x:x=n’,wheren € N}

2.3 TYPEOFSETS

L Finiteset:

A set X is called a finite set if its element can be listed
by counting or labeling with the help of natural numbers
and the process terminates at a certain natural number n.
i.e. n(X) = finite number e.g.

(1) A set of English Alphabets
(2) Setofsoldiers in Indian Army

I Infinite set:
A set whose elements cannot be listed counted by the
natural numbers (1,2, 3....... n) for any number n, is called a
infinite set. e.g.
(1) A setofall points in a plane
2) X={x:xeR,0<x<0.0001}
(3) X={x:xe€Q,0<x<0.0001}

Il Singleton set :
A set consisting of a single element is called a singleton
set.i.e.n(X)=1, e.g.
(D) {x:xeN,1<x<3},
(2) {{}}:Setofnullset,
(3) {f} is a set containing alphabet f.

IV Null set:
A set is said to be empty, void or null set if it has no
element in it, and it is denoted by f, i.e., X is anull set ifn
(X)=0,

e.g.,(1) {x:xeRand x> +2=0}
(2) {x:x>1butx<1/2}

(3) {x:xeR, x* <0}

V  Equivalent Set :
Two finite sets A and B are equivalent if their cardinal
numbers are same i.e. n(A) =n(B).

VI EqualSet:

Two sets A and B are said to be equal if every element
of Ais amember of B and every element of B is a member of
A.i.e. A=B,if Aand B are equal and A # B, if they are not
equal.

Example 5 State which of the following sets are finite or infinite.

(1 {x:x€Nand(x—1)(x—-2)=0}

(i) {x:x € Nand x*=4}

(i) {x:x € Nand2x—-1=0}

(iv) {x:x € Nandxisprime}

(v) {x:x € Nandxisodd}

Solution

(1) Givenset={1,2}. Hence, it is finite.

(i) Givenset= {2}. Hence, it is finite.

(iii) Given set=¢. Hence, it is finite.

(iv) The given set is the set of all prime numbers and since set
of prime numbers is infinite. Hence, the given set is infinite.

(v) Since there are infinite number of odd numbers, hence, the
given set is infinite.

VII UNIVERSAL SET
It is a set which includes all the sets under
considerations i.e. it is a super set of each of the given set.
Thus, a set that contains all sets in a given context is called
the universal set. It is denoted by U. e.g.,
IfA={1,2,3},B={2,4,5,6} andC= {1,3,5,7},then U= {1,
2,3,4,5,6,7} can be taken as the universal set.

VIII SUBSET
A set Ais said to be a subset of B if all the elements of
A are present in B and is denoted by A < B
(read as A is subset of B) and symbolically written as : x €
A=>xeB<AcB

Example 6 Let A, B and C be three sets. [fA € Band Bc C, isiit
true that A — C ?. If not, give an example

Solution No. LetA={1},B={{1},2} andC= {{1},2,3}. Here
AeBasA={l}and BcC.
ButAzCasl eAand1 ¢ C.
Note that an element of a set can never be a subset of itself.

Number of subsets :
Condiser a set X containing n elements as
{X,, X, ...., X} then the total number of subsets of X = 2"
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Proof: Number of subsets of above set is equal to the number
of selections of elements taking any number of them at a
time out of the total n elements and it is equal to 2"
"C,+'C, +"C, +...... +1C =2"

Types of Subsets :

A set Ais said to be a proper subset of a set B if every
element of Ais an element of B and B has at least one element
which is not an element of A and is denoted by A — B.

The set A itself and the empty set is known as improper

subset and is denoted as A < B.
e.g If X = {x,, x,, .....,x } then total number of proper sets
= 2" — 2 (excluding itself and the null set). The statement
A c B can be written as B o A, then B is called the super set
of A and is written as B D A.

IX POWERSET
The collection of all subsets of set A is called the power
set of A and is denoted by P(A)
i.e. P(A) = {x:xisasubset of A}.

IFEX={X ), X, X, e X } thenn(P(X))=2" ; n(P(P(x))):22" .

Example 7 Find the pairs of equal sets, if any, give reasons:
A={0},B={x:x>15andx <5},
C={x:x-5=0},D={x:x*=25},

E = {x: x is an integral positive root of the equation
x*—2x-15=0}.

Solution Since 0 € A and 0 does not belong to any of the sets
B, C,DandE, it follows that, A # B,A # C,A # D, A # E.
Since B = ¢ but none of the other sets are empty. Therefore
B# C,B#DandB # E.Also C= {5} but—5 € D, hence
C # D. Since E = {5}, C=E. Further, D= {-5, 5} and
E= {5}, we find that, D # E. Thus, the only pair of equal
sets is C and E.

Example 8 Consider the sets §, A= { 1,3 },B={1, 5,9}, C
={1,3,5,7,9}. Insert the symbol , — or & between each
of the following pair of sets :

(1) ¢...B (i)A...B (iii)A...C (iv)B...C

Solution (i) ¢ < B as ¢ is a subset of every set.

(i)A & Bas3 € Aand3 ¢ B
(iii))A c Cas 1,3 € Aalso belongs to C
(iv) B < Caseach element of B is also an element of C.

2.4 INTERVALS
The set of numbers any two real numbers is called
interval. The following are the types of interval.

I  Closed Interval
x ela,b]={x:a<x<b}

< >

a b
I  Open Interval
x € (a,b)or]a,b[= {x:a<x<b}

a b

I SemiOpen or Semi-Closed Interval

x € [a,b[or[a,b)={x:a < x<b}

< I

a b
x € Ja,b]or(a,b]={x:a<x<b}

<
<

v

a b

Example 9 Write the following as intervals :
(1) {x:x€R,—-4<x<6}

() {x:x €R,—12<x<-10}

(i) {x:x € R,0<x<7}

(iv) {x:x € R,3<x<4}

Solution (i) (4, 6] (ii) (-12,-10)

(iii) [0,7) (iv)[3,4]
Example 10 Write the following intervals in set-builder form:
1 (=3,0) (i) [6,12]
(iii) (6, 12] (iv) [-23,5)

Solution (i) {x:x € R,-3<x<0}
(i) {x:x € R,6<x<12}
(iii) {x:x € R,6 <x <12}
(iv) {x:x € R,-23<x<5}

2.5 VENN(EULER)DIAGRAMS

The diagrams drawn to represent sets are called Venn
diagram or Euler-Venn diagrams. Here we represents the
universal U as set of all points within rectangle and the
subset A of the set U is represented by the interior of a
circle. If a set A is a subset of a set B, then the circle
representing A is drawn inside the circle representing B. If
A and B are not equal but they have some common elements,
then to represent A and B by two intersecting ¢ ircles.
E.g. IfAis subset of B then it is represented diagrammatically

in fig.
U
:

2.6 OPERATIONS ON SETS

I  Union of sets :

IfA and B are two sets then union (U) of A and B is the
set of all those elements which belong either to A or to B or
to both Aand B. Itis also definedasAuB={x:x e Aor
x € B}. Itis represented through Venn diagram in fig.1 &
fig.2

X )

Fig. (1) Fig. (2)
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Example 11 IfA={x:x=2n+1,n € Z} and
B={x:x=2n,n € Z}, then find the value of AU B.

Solution We have,
AUB={x:x=2n+1lorx=2nneZ}
= {x:xisaninteger} =7

I Intersection of sets :
If A and B are two sets then intersection (N) of A and B is
the set of all those elements which belong to both A and B.
Itis also definedas AN B = {x:x € Aand x € B} represented

in Venn diagram (see fig.)

€D

Example 12 IfA={x:x=4n,n € Z} and
B = {x:x=06n,n € Z}, then find the value of A N B.
Solution We have,
xeANB
x=4nandx=6n,n € Z
x is a multiple of 4 and x is a multiple of 6
x is a multiple of 4 and 6 both
x is amultiple of 12
x=12n,n € Z
Hence, ANB ={x:x=12n,n € Z}

Uiy

NOTE
Sets A and B are said to be disjoint iff A and B have no
common elementor AN B=¢. IfAN B¢ thenAand B are
said to be intersecting or overlapping sets. e.g.

(i) IfA={1,2,3},B={4,5,6}andC={4,7,9} thenAandB are
disjoint set where B and C are intersecting sets.

(ii) Set of even natural numbers and odd natural numbers are
disjoint sets.

I Difference of two sets :
If A and B are two sets then the difference of A and B, is the
set of all those elements of A which do

not belong to B.

A-B

Thus,A—-B={x:x € Aandx ¢ B}

or A-B={xeA;x¢B}

Clearlyx e A-B<xeAandx ¢ B

It is represented through the Venn diagrams.

The difference B — A is the set of all those elementsof B
that do not belong to A

ie.B-A={x:xeB and x g A }.

IV COMPLEMENTARYSET
Complementary set of a set A is a set containing all those
elements of universal set which are not in A. It is denoted

by A,AC0rA’. SoA®={x:x € Ubutx ¢ A}.e.g. Ifset A
={1,2,3,4,5} and universal

setU={1,2,3,4,.....50} then A =1{6,7,......50}

U ]

HU'=¢ (i¢'=U
(iii) (A") =A (ivV AUA'=U
(VANA =6

NOTE
All disjoint sets are not complementary sets but all
complementary sets are disjoint.

V  Idempotent operation :
For any set A, we have
1HAUA=A and (i) AnA=A

Proof:

1) AUA={x:xeAorxeA}={x:xeA}=A

(i) ANA={x:xeA&xeA}={x:xeA}=A

VI Identity operation : For any set A, we have

1 Aud=Aand

(@) AnU=Ai.e.¢$and U are identity elements for union and
intersection respectively

Proof:
1 Aud= {x:xeAorxed} = {x:xeA}=A
(@) AnU={x:xeAandxeU}={x:xeA}=A

VII Commutative operation :
For any set A and B, we have
i) AuB=BuUAand
(i) AnB=BnNA
i.e. union and intersection are commutative.

VIII Associative operation :
If A, B and C are any three sets then
1 AuB)uC=AuUBUC)
i@ (AnB)nC=An(BNC)
i.e. union and intersection are associative.

IX Distributive operation :
If A, B and C are any three sets then

H AuBNC)=(AuB)N(AUC)

@ AnBuUC)=(AnB)UANC)
i.e. union and intersection are distributive over intersection
and union respectively.

X De-Morgan’s Principle :

If A and B are any two sets, then
i (AuB)Y=A"NnB'
i@ (AnB)Y=A"UB’
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Proof:

(1) Letxbean arbitrary element of (A U B)'. Thenx € (AU B)’
= x¢(AUB)=x¢Aandx¢B =>xeA'NnB’
Again let y be an arbitrary element of A" N B'. Then

yeA'nB
= yeA'andyeB’ = ye¢AandyeB
= ye(AUB) = ye(AuBY)

A'NnB'c(AUB).
Hence (AUB)' =A'nB’
Similarly (ii) can be proved.

SOME IMPORTANT RESULTS
IfA, B and C are finite sets, and U be the finite universal
set, then
(i n(A U B)=n(A)+nB)-n(A N B)
(i) n(A v B)=n(A)+n(B) < A, Baredisjoint non-void sets.
(i) n(A-B)=n(A)-n(A N B)
ie,n(A—B)+n(A N B)=n(A)
(iv) n(A U BuU Q)
=n(A)+n(B)+n(C)—-n(A N B)-n(B N C)—n(A N C)
+n(A N B N C)
(v) No. of elements in exactly two of the sets A, B, C is
=n(A N B)+nB N C)+n(C N A)-3n(A N B N Q).

DPP1

Total Marks : 39

Instructions

1. Question — 3, 4, 5, 8, 9 marking scheme : +3 for correct
answer, —1 in all other cases. [5 x 3 =15]

2. Question — 1, 2, 6, 7, 10, 11 marking scheme : +4 for
correct answer, 0 in all other cases. [4%6=24]

Time 25 min

1. Write the set {—,—,—,—,—,—} in the set-builder form.

2. Match each of the set on the left described in the roster
form with the same set on the right
described in the set-builder form :
1) {P,R,I,N,C,A,L} (a) { x : x is a positive integer and is
a divisor of 18}

(1) {0} (b) { x:xisanintegerand x>—9=0}

(i) {1,2,3,6,9, 18} (¢){x : x is an integer and
x+1=1}

(iv) {3,-3} (d) {x:x s a letter of the word
PRINCIPAL}

3. If B is the set whose elements are obtained by adding to 1 to
each of the even numbers, then the set builder notation
of Bis

(A) B={x:xiseven

(B) B={x:xisoddandx>1}

(C) B={x:xisoddandx € Z}

(D) B={x:xisaninteger}

4. Which of the following is the empty set ?
(A) {x:xisareal numberand x>—1=0}
(B) {x:xisarealnumber and x>+ 1=0}
(O) {x:xis areal number and x*—9 =0}
(D) {x:xisareal numberand x*=x+2}

5.  Which of the following sets is not finite ?
(A) {(x,y): x*+y*<1<x+y, X,y € R}
B){x,y):x*+y?’<1<x+y, X,y € Z}

O {(xy):X’<y<[x|x,y € Z}

D) {(x,y): x*+ty*=1,x,y € Z}

6. Which of the following pairs of sets are equal ? Justify
your answer.
(1) X, the set of letters in “ALLOY” and B, the set of letters in
“LOYAL”.
(i) A={n:n € Zandn*<4}and B
={x:x € Randx>-3x+2=0}.

7. LetA={a,e,i,0,u}andB={a,b,c,d}.IsAasubsetof B
? No. (Why ?). Is B a subset of A? No. (Why ?)

8. The collection of intelligent students in a class is :
(A) anull set

(B) a singleton set

(C) a finite set

(D) not a well defined collection.

9. IfX={8-7n-1:n € N} and
Y ={49(n—1):n € N}, then
A XCY B)YcX
© X=Y (D) None of these

10. LetU={1,2,3,4,5,6},A={2,3} and B={3,4,5}.
Find A', B', A'n B', A U B and hence show that
(AUB) =A"NnB".

11. LetA={1,2,3,4,5,6},B=1{2,4,6,8}.FindA-BandB-A.

Result Analysis

1. 30to 39 Marks: Advance Level.
2. 20to 29 Marks : Main Level.
3. <20 Marks: Please go through this artical again.

3. INEQUALITIES

3.1 INEQUATIONS
A statement involving variable (s) and the sign of inequality
viz., > or, <or, 2 or, < is called an inequation.
An inequation may contian one or more variables. Also, it
may be linear or quadratic or cubic etc.,
Ifa is a non-zero real number and x, y are variables, then ax
+b<0,ax +b<0,ay+b>0and ay + b > 0 are linear
inequations in one variable.
Ifa # 0,b # 0, c real numbers and X, y, z are variables, then
ax +by<c,ay+bz<c,ax+by>candax +by=>care linear
inequations in two variables.
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Inequations 2x — 3 <0,

2x -3

5
3y25,§—7S0, 2—£+7 and -2+t<— are
2 2 3

linear inequations in one variables. Inequations of the form

2x* -3
x—1

<4, x> —5%x +6>0 etcare not linear inequations.

A solution of an inequation is the value(s) of the
variable(s) that marks it a true statement.
For example, x = 9 is a solution of the inequation

3-2x X

< E —4, because forx=9 it reduces to—3 <—1 which

is a true statement. But, x = 6 is not its solution. For x = 6,
. . 9 Do
the inequation reduces to —— < —2 which is not true. For
5

any real number x, we have x>+ 1 > 0. So, the solution set of

the inequation x*+ 1 >0 is the set R of all real numbers and

the solution set of x>+ 1 <0 is the null set ¢.

For solving an inequation, we use the following rules :
RULE 1 Same number may be added to (or substracted from)

both sides of an in equation without changing the sign of

inequality.

RULE 2 Both sides of an inequation can be multiplied (or
divided) by the same positive real number without
changing the sign of inequality. However, the sign of
inequality is reversed when both sides of an inequation
are multiplied or divided by a negative number.

RULE 3 Any term of an ineqaution may be taken to the other
side with its sign changed without affecting the sign of
inequality.

Example 13 Find the solution of the ineuqation

1 §x+4 Zl(x—6)
2\5 3

Solution We have,

1{3x+20 1
— >—(x-6
= 2( s ) 3( )

3x+20 _x-6
>
10 3
= 3(3x+20)>10(x—6)
[Multiplying both sides by 30, i.e., LCM of 10 and 3 ]
= 9x+60=>10x—-60

-

9x—-10x=-60-60
—x=-120

x<120

X € (—o0, 120]

Hence, the solution set of the given inequation is (—oo, 120]

=
=
=
=

Remark The solution set of simultaneous inequations is the
intersection of their solution sets.

5x 3x 39
Example 14 If —+—>— and
4 8 8

2x—-1 x-1 3x+1 .
- < then find the interval for x.
12 3 4

Solution We have,

—+—>— and -
4 12 3 4
10x+3x 39 2x—-1-4x+4 3x+1
= —>— and <
8 8 12 4
13x 39 -2x+3 3x+1
- —>— and <
8 8 12 4
= 13x>39and -2x+3<9x+3
= x>3and-11x<0
= x>3andx>0

= x€(3,©) and x€(0,0) = x€e(3,o)
3.2 SOLVING RATIONALALGEBRAIC
INEQUATIONS
If P(x) and Q(x) are polynomials in x, then the inequations

P&) >0, P&) <0, P&) >0 and LX)
Qx)  Qx) QX Q(x)
as rational algebraic inequations. To solve these
inequations we use the sign method as explained in the
following algorithm.

ALGORITHM

STEP 1 Obtain P(x) and Q(x)

STEP 2 Factorise P(x) and Q(x) into linear factors.

STEP 3 Make the coefficient of x is positive in all factors.

STEP 4 Obtian critical points by equating all factors to zero.

STEP 5 Plot the critical points on the number line. If there are
n critical points, they divide the number line into (n + 1)

< (0 are known

regions.

P(x)

Q(x

STEP 6 In the right most region the expression bears

positive sign and in other regions the expression bears
alternate negative and positive signs.
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X —
Example 15 Solve the inequality —— > 2.
X

Solution We have,

1
-220 =

x+1
<

x—0
On equating x + 1 and x— 0 to zero, we obtainx =—1 and x=0
as critical points. These points when plotted on number
line divided it into there regions. Marking alternatively
positive and negative from the right most region, we obtain

0 ()

x+1
the sign of —— for different values of x as shown in the
X

following figure.
+ - +

& >
< »

—00 -1 0 0

Since the expression in (i) is non-positive. So, the solution
setof (i)is [-1, 0).
3.3 Generalized Method of Intervals

Let F(x)=(x— al)kl (x— az)kz (x— an_l)k“*1 (x—a, ).
Here,k,k,k € Zanda,a,...,a arefixed real numbers
satisfying the condition

a,<a,<a,<..a <a
For solving F(x) > 0 or F(x) < 0, consider the following
algorithm.

®  We mark the numbers a, a,, ..., a_on the number axis and
pule plus sign in the interval on the right of the largest of
these numbers, i.e., on the right of a .

e Then we put plus sign in the interval on the left of a_if'k_
is an even number and minus sign of k_is an odd number.
In the next interval, we put a sign according to the following
rule :
®  When passing through the point a_, the polynomial

F(x) changes sing if k_ is an odd number. Then we
consider the next interval and put a sign in it using
the same rule.

e Thus we consider all the intervals. The solution of the
inequality F(x) > 0 is the union of all intervals in which we
put plus sign and the soultion of the inequality F(x) <0 is
the union of all intervals in which we minus sign.

Example 16 Solve 2x+ 1) (x—3) (x +7)<0.
Solution (2x+ 1) (x—3) (x+7)<0
Sign scheme of (2x + 1) (x —3) (x + 7) is as follows :

T T

7 12 3
Hence, solution is (-0, —7) U (—1/2, 3).

Example 17 Solve (1 —x)?(x +4)<0

Solution (x—1)*(x+4)<0 (1)
Sign scheme of (x — 1)* (x +4) is as follows :
-+
4 1

Sign of expression does not change at x =1 as (x— 1) factor
has even power.
Hence, solution of (i) is x € (-0, —4)

2
Example 18 Solve — <3
X

2
Solution — <3

X
2
= —=3<0
X
2-3
= X<0
X

(we cannot cross multiply with X, as x can be negative or
positive)

3x -2

X

-2/3
= M>O

>0

=

X
. (x-2/3) |
Sign scheme of —— is as follows :
X
+ - +
0 2/3

= xe(-0,0)U(2/3, )

Example 19 Solve 23
3x —
2x-3
Solution >3
3x-5
2x -3
-320
= 3x -5
2x—-3-9x+15 50
= 3x-5 -
—7x+12
—2>0
= 3x-5
7x—12 <0
3x-5
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7x—-12

Sign scheme of is as follows :

o =
5/3 12/7
= x e (5/3,12/7]

X = 5/3 is not included in solution as at x = 5/3.
denominator becomes zero.

DPP2

Total Marks : 38
Instructions

Time 25 min

1. Question — 4,5 marking scheme : +3 for correct answer, —1
in all other cases. [3 X 2 =6]

2. Question—1,2,3,6,7,8,9,10 marking scheme : +4 for
correct answer, 0 in all other cases. [4x8=32]

1. Solvedx+3<6x+7.

5-2x _x
2. 1 <—=-5.
Solve 3 5
3. Solve 7x +3 <5x + 9. Show the graph of the solutions on
number line.
: : .ox—l .
4. The solution set of the inequation <> >2 s
(A)(2,3) (B)[2,3]
(C) (~0,2) U (3, ) (D) None of these

5. The set of values of x satisfying the system of inequations

X+2

5x+2<3x+8and —— <4 is:
(A) (=0, 1) B)(2,3)
6. Solve—8x<5x-3<7.
5-3x
7. Solve-5< 5 <8.
x—1 x+1
8. Solve - <2,
x—1

(x-D(x-2)(x-3)
Solve (T hxr2)xt3)

(x =4 (x+8)" % (x +1)
xX"(x =2 (x+3).(x—6)(x +9)™"°

10. Solve

Result Analysis
1. 30to 38 Marks: Advance Level.

2. 20to29 Marks : Main Level.
3. <20 Marks : Please go through this artical again.

4. CARTESIAN PRODUCT OF SETS
If A and B are any two non-empty sets, then the set of all
ordered pairs (a, b) such thata € Aand b € B is called the
cartesian product of the set A with set B is denoted by A x B.
Thus,AxB={(a,b):a € Aandb € B}

Example 20 [fA={1,2} and B= {0, 1}, then find A x B.
Solution We have
AxB={1,2} x{0,1} ={(1,0),(1,1),(2,0),(2, 1)}

Example 21 [fA={1,2,3},B={3,4, 5},
then find (AN B) X A.
Solution We have,
ANB={3}andA={1,2,3}
(ANB)xA={(3,1),(3,2),(3,3)}

Example 22 [fA={x € R:0<x<1} and
B={x € R:—1<x<1},thenfind Ax B.

Solution Clearly, A represents the line segment between (0, 0)
and (1, 0) and B represents the line segment between
(0,-1)and (0, 1).

So, A x B represents the region in xy-plane lying inside the
rectangle having vertices at (1, 1), (0, 1), (0,—1)and (1,-1).

5. RELATIONS
RELATION Let A and B be two sets. Then, a relation R
from A to B is a subset of A x B.
If (a, b) € R, then we write aRb which is read as a is related
to b by the relation R. If (a, b) & R, then we writea B b and
we say that a is not related to b by the relation R.

Example 23 [fA= {a,b,c,d} and B= {1, 2, 3}, then which of the
following is a relation fromAto B ?
(A) R={(a,1),(2,b),(c,3)}
(B) R,={(@a,1),(d,3),(b,2),(b,3)}
© R;={(1,2),(2,b),(3,0)}
(D) R,={(@a,1),(b,2),(c,3),(3,d)}

Ans. (B)

Solution We observe that (a, 1), (c,3) € AxBbut(2,b) ¢ AxB.
So, R, is not a relation from A to B.
Clearly, R, € Ax B. So, itis arelation from A to B.
Since (2,b) € R, but(2,b) € AxB.So,R,  AxB. Hence,
itis not a relation from A to B.
We find that (3, d) € R, but(3,d) € AxB.So,R,isnota
relation from A to B.

NOTE
If A and B are two finite sets consisting of m and n elements
respectively, then A x B consists of mn ordered pairs. So,
total number of subsets of A x B is 2™, Hence, 2™ relations
can be defined from A to B.

5.1 DOMAINAND RANGE OFARELATION
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If R is a relation from a set A to a set B, then the set of all
first compounds or coordinates of the ordered pairs
belonging to R is called the domain of R, while the set of all
second components or coordinates of the ordered pairs in
R is called the range of R. The whole set B is called the
codomain of the relation R. Note that range < codomain.

5.2 TYPES OFRELATIONS

I  VOID RELATION
Let A be a non-empty set. Then ¢ < A x A and so it is a
relation on set A. This relation is called the void or empty
relation on set A.

I UNIVERSALRELATION
Let A be a non-empty set. Then, A x A is known as the
universal relation on set A.

Il IDENTITYRELATION
Let A be a non-empty set. Then, I, = {(a, a) :a € A} is
called the identity relation on A.
In other words, arelation I, ona set Ais called the identity
relation if every element of A is related to itself only.
IfA={1,2,3,4}, then {(1, 1), (2, 2), (3, 3), (4,4)} is the
identity relation on A whereas {(1, 1), (2, 2), (3, 3)} and
{(1,1),(2,2),(3,3),(4,4), (1, 3)} are not identity relations
onA.

IV REFLEXIVE RELATION
A relation R on a set A is said to be reflexive if every
element of A is related to itself.
Thus, R is reflexive <> (a,a) € Rforalla € A.
The identity relation on a set is alwyas reflexive. But, a
reflexive relation need not be the identity relation. A relation
R on aset A is not reflexive if there exists an elementa € A
such that (a, a) €R.

Example 24 Which of the following are reflexive relations on
setA={l,2,3}.
R ={(1,1),(2,2),(3,3),(1,3), (2, D}, R,={(1, 1), (3, 3),
(2. 1,3,2)}

Solution R  is a reflexive relation on set A.
R, is not a reflexive relation on A because 2 € Abut (2, 2)
¢ R,

V  SYMMETRIC RELATION
Acrelation R on a set Ais said to be a symmetric relation iff
(a,b) e R = (b,a) e Rforalla,b € A
ie,. aRb = bRaforalla,b € A
It follows from the above definition that a relation R on a
set Ais symmetric iff R =R". Also, the identity and universal
relations on a set A are always symmetric.

Example 25 Which of the following relations is not symmteric
(A) R, on R defined by (x,y) € R,

= l+xy>0forallx,y € R
(B) R, on N x N defined by (a, b) R, (¢, d)

< atd=b+cforalla,b,c,d e N
(©) R, onZdefined by (a,b) € R,
< b —aisan even integer
(D) R, onpower set of a set X defined by AR, Biff Ac B.
Ans. (D)
Solution Let (x, y) € R,. Then, x, y € R such that
l+xy>0 = 1+yx>0 = (y,x) €R,
So, R, is a symmetric relation on R.
We have,
(a,b)R,(c,d) <> a+d=b+c
< ctb=d+a (c,d)R,(a,b)
R, is a symmetric relation on N x N.
Let(a,b) € R,. Then
b — a is an even integer
= a-—bisan even integer
= (b,a) € R,
R, is a symmetric relation on Z.
LetA, B € P(X)suchAR, B. ThenAC B
This need not imply that B < A.
So, R, is not a symmetric relation on P(X).

VI TRANSITIVE RELATION
Arelation R on a set A is said to be a transitive relation iff
(a,b) € Rand(b,c) € R = (a,c) € Rforalla,b,c € A.
1e., aRband bRc = aRc foralla,b,c € A.
Let S be a non-void set and R be a relation on the power
set P(S) defined by
(A,B) e R & AcBforallA,B € P(S)
ForanyA, B, C € P(S), we find that
AcBandBcC = AcC
ie, (A,B) € Rand(B,C) e R = (A,C)
So, R is a transitive relation on P(S).

Example 26 Prove that on the set N of natural numbers, the
relation R defined by x R y = x is less than y is transitive.
Solution Because for any X, y,z € N x<yandy <z
= x<z = xRyandyRz = xRz soRistransitive.

Example 27 Show that the relation R in R defined as
R ={(a,b):a<b} is transitive.
Solution Let (a,b) € R(b,c) € R
(a<b)and b<c = a<c
(a,c) eR
Hence R is transitive.

VII EQUIVALENCE RELATION
Acrelation R on a set A is said to be an equivalence relation
on A iff

(1) itisreflexivei.e., (a,a) € Rforalla € A

(ii) itis symmetrici.e., (a,b) € R = (b,a) € Rforalla,b € A

(iii) it is transitive i.e., (a, b) € R and (b, ¢) € R
= (a,c) € Rforalla,b,c € A.

10
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EQUIVALENCE CLASS
An arbitrary equivalence relation R in an arbitrary set X,
R divides X into mutually disjoint subsets Ai called
partitions or subdivisions of X satisfying :

(i) Allelements of A, are related to each other, for all i.

(i) No element of A, is related to any element of Aj, 1# ].

(iii) UA=X and A, NA= 0, 1# j.
The subsets A, are called equivalence classes. The
interesting part of the situation is that we can go reverse
also.

Example 28 Let T be the set of all triangles in a plane with R a
relationin T givenby R= {(T , T,) : T, is congruent to T, }.
Show that R is an equivalence relation.

Solution R is reflexive, since every triangle is congruent to
itself. Further, (T, T)) € R=T, is congruentto T,=T,
is congruent to T, = (T,, T,) € R. Hence, R is symmetric.
Moreover, (T, T)) (T,,T,) € R=T, is congurent to T, and

T, is congruent to T, = T, is congruent to T,

2
= (T, T,) € R. Therefore, R is an equivalence relation.

Example 29 Which one of the following is not an equivalence
relation ?

(A) R onZdefinedbyaR b <> a—bisdivisible by m, where
m is a fixed positive integer

(B) R,onRdefinedbyaR b < 1+ab>0foralla,b € R

(©) R,onN xN defined by (a,b) R, (¢, d) <> ad =bc forall a,
b,c,d e N

(D) R, onZ defined by aR b << a—bis an even integer for all
a,beZ

Ans. (B)

Solution We observe that [1, l) € R2 and [l, —l] € R2
2 2

but (1,-1) ¢ R,. So, R, is not a transitive relation. Hence,
it is not an equivalence relation.

It can be easily checked that R , R, and R, are equivalence
relations.

DPP3
Total Marks : 30

1. Question— 1 to 10 marking scheme : +3 for correct answer,
—1 in all other cases. [3 x 10 =30]

Time 25 min

1. Let A and B be two sets such that

AxB={(a,1),(b,3),(a,3).(b.1).(a,2).(b,2)}
Then,

(A)A=1{1,2,3} and B= {a, b}

(B)A={a,b} and B= {1,2,3}

(C)A={1,2,3} and B {a, b}

(D)Ac {a,bl and Bc {1,2,3}

2. LetAbe anon-empty set that A x A has 9 elements among
which are found (-1, 0) and (0, 1). Then,

(A)A={-1,0} (B)A={0,1}
(O)A=1{-1,0,1} (D)A={-1,1}

3. Let Aand B be two non-empty sets having n elements in
common. Then, the number of elements common to A x B
and B X Ais
(A)2n (B)n
(C)n? (D) None of these

4. Let A and B be two sets having 3 elements in common. If
n(A)=5andn(B)=4,thenn ((AXB)G(BXA)) =
(A)20 B)16 ©)3 (D)9

5. [IfarelationR is defined on the set Z of integers as follows

‘(a,b)eR < a2 + b2 = 25. Then, Domain (R)=
(A) {3,4,5} (B) {0,3,4,5}
(C) {0,£3,+4,£5} (D) None of these

6. Let R be the relation over the set of all straight lines in a
plane such that LR, <1, L1, Then R is

(A) symmetric
(C) transitive

7. LetR=1{(1,3),(4,2),(2,4),(2,3),(3,1)} bearelation on the
setA={1,2,3,4}. TherelationR is
(A) reflexive (B) transitive
(C) not symmetric (D) a function

8. LetA={2,3,4,5,....,17,18}.let ° = *be the equivalence
relation on A x A, cartesian product of A with itself, defined
by (a, b) = (c, d) iff ad = bc. Then, the number of ordered
pairs of the equivalence class of (3, 2) is
(A4 B)5 ©o6 (D)7

(B) reflexive
(D) an equivalence relation

9. Let W denote the words in the English dictionary. Define
the relation R by R = {(x, y) € W x W: the words x and y
have at least one letter is common}. Then , R is
(A) not reflexive, symmetric and transitive
(B) reflexive, symmetric and not transitive
(C) reflexive, not symmetric and transitive
(D) reflexive, symmetric and transitive

10. The relation on the set A= {x: |x| <3, x € Z} is defined by
R={x,y) :y=1x|, x#—1}. Then the number of elements in
the power set of R is

(A)32 B)16 ©)8 (D) 64
Result Analysis
1. 24to30 Marks: Advance Level.
2. 18to023 Marks: Main Level.
3. <18 Marks: Please go through this artical again.
6.1 FUNCTION GENERALDEFINATION

Definition 1 :

11
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v
(i)

Let A and B be two non-empty sets. Then a function ‘f’
form set A to set B is a rule or method or correspondence
which associates elements of set A to elements of set B
such that

All elements of set A are associated to elements in set B.
An element of set A is associated to a unique
element in set B.

In other words, a function ‘f” from a set A to a set B
associates each element of set A to a unique element of set B.
Terms such as “map” (or “mapping”), “correspondence”
are used as synonyms for “functions”. If f is a function

from a set Ato a set B, then we write f: A— Bor A 5 B,
which is read as fis a function from A to B or fmaps A to B.
Ifan element a € Ais associated to an elementb € B,
then be is called the ‘f-image ofa’ or ‘image of a under f” or
‘the value of the function fat a’. Also, a is called the pre-
image of b under the function f. We write it as b = f(a)or
f:a—bor f:(a,b)
e.g.,LetA={1,2,3,4} and B={a,b,c,d, e} betwo sets
and let f, f, f, and f, be rules associating elements
(A to elements of) B as show in the following figures.

A f, B

7

] |

[>x

o o

1. Not a Function

A £, B
N7
\ A
C
o
€
3. Function

A f, B
— T~

N /7 d

A

C

]\

(S

4. Function
6.2 Function as a Set of Ordered Pairs

A function f: A — B can be expressed as a set of ordered
pairs in which each ordered pair is such that its first
element belongs to A and the second element is the
corresponding element of B.

As such a function f: A — B can be considered as a
set of ordered pairs (a,f(a)), where a € A and f(a) € B,
which is the f image of a. Hence, fis a subset of A x B.
As a particular type of relation, we can define a function
as follows :

Definition 2 :

A relation R from a set A to a set B is called a function if
(1) Each element of A is associated with some element of B

and

(i) Each element of A has a unique image in B.
Thus, a function f from a set A to a set B is a subset of A
B in which each a € A appears in one and only one or-
dered pair belonging to f. Hence, a function f'is a relation
from A to B satisfying the following properties :

i fc AxB

(i) VYa€A, or(afla) ef

(i) (a,b) € fand(a,c) €ef = b=c
Thus, the ordered pair of f must satisfy the property that
each element of 4 appears in some ordered pair and no two
ordered pairs have the same first element.

NOTE:
Every function is a relation but every relation is not
necessarily a function.

Example 30 LetA={1,2,3},B={2, 3,4} be two sets.
Which one of the following subsets of A X B defines a
function fromAto B ?
@ f={(1,2),(2,3),3,4)}
(b) £,={(1,2),(1,3),(2,3),3,4)}
© £={(1,3),2,4}
(d) £,=1{(1,4),(2,4),3,4.(2,3)}

Solution : (a)
We observe that corresponding to each element in A there
is unique ordred pair in f. So f, is a function from Ato B. f,
is not a function, because there are two ordered pairs (1, 2)
and (1, 3), in f; corresponding to 1 € A.
As there is no ordered pair in f; corresponding to 3 € A.
So, it is not a function from A to B.

12
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Similarly, f, is not a function from A to B as there are two
ordered pairs (2,3) and (2,4) inf, correspondingto2 € A.

Example 31 IfA= {1, 2, 3, 4}, then which of the following are

functions from A to itself ?
(@ f={xy):y=x+t1} (b) ,={(xy):xty >4}
(© £={xy):y<x} (@ f,={x,y):x+y=5}

Solution : (d)

6.3

6.4

6.5

We have,

f,={(1,2),(2,3),3,4)},
£,={(1,4)(2,3),(2,4),(3,3),(3,4),(4,4),(4,1),(4,2),(4,3)}
£,=12,1,3,1),(3,2)..} and

f,={(1,4).(2,3),(3,2), (4, 1)}.
Obviously, f, is a function from A to itself and f,, £, f, are
not functions from A to itself.

NUMBER OF FUNCTIONS

Let A and B be two finite sets having m and n elements
respectively. Then, each element of set A can be associ-
ated to any one of n elements of set A. So, total number of
functions from set A to set B is equal to the number of
ways of doing m jobs where each job can be done in n
ways. The total number of such ways is

m-times

Hence, the total number of functions fromAto Bisn™i.e.,

[O(B)]*™.

O(A)=No. of element in set A=m

O(B) =No. of element in set B=n

For example, the total number of functions from a set
A={a,b,c,d}toasetB={1,2,3}is3*=281.

The total number of relations from a set A having m

elements to a set n having n elements is 2™. So, the

number of relations from A to B which are not functions is

2m e, 20(A) < O(B) _ [O(B)]O(A).

REALFUNCTION

If the domain and co-domain of a function are subsets of R

(Set of all real numbers). It is called a real valued function

or in short a real function.

Description Of A Real Function

If f'is a real valued function with finite domain, then f can

be described by listing the values which it attains at

different points of its domain. However, if the domain of a

real function is an infinite set, then, f cannot be described

by listing the values at points in its domain. In such cases

real functions are generally described by some general

formula or rule like f(x) =x*+ 1 or f(x) =2 sinx + 3 etc. In

calculus almost all real functions are described by some

general formula or rule.

REPRESENTATION OF FUNCTION
It can be done by three methods :

GV

(B)

©

(A) By Mapping
(B) By Algebraic Method
(C) In the form of Ordered pairs

Mapping : It shows the graphical aspect of the relation of
the elements of A with the elements of B

<
\ <]
(T
[ —

e

(H

In the above given mappings rule f, and f, shows a function
because each element of A is associated with a unique
element of B. Whereas f; and f, are not function because in
f,, element c is associated with two elements of B, and in
f, , bis not associated with any element of B, which do not
follow the definition of function. In f,, ¢ and d are associated
with same element, still it obeys the rule of definition of
function because it does not tell that every element of A
should be associated with different elements of B.

Algebraic Method : It shows the relation between the
elements of two sets in the form of two

variables x and y where x is independent variable and y is
dependent variable.

If A and B be two given sets

A=1{1,2,3},B=1{5,7,9} thenf: A— B, y=1(x)=2x+3.
In the form of ordered pairs : A function f : A—>B can be
expressed as a set of ordered pairs in which first element
of every ordered pair is a member of A and second element
is the member of B. So fis a set of ordered Pairs (a, b) such
that :

(i) ais an element of A

(i) b is an element of B

(iii) Two ordered pairs should not have the same first
element.

Example 32 If A and B are two sets such that A= {1, 2, 3} and

Solution : f: A— B,

B={5,7,9} and if a function is defined fromf : A = B,
f(x) = 2x + 3 then find a function in the form of ordered
pairs.

flx)=2x+3

f(1)=2.1+3=5,  f(2)=22+3=7
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£(3)=2.3+3=9 . f:{(1,5,2,7).,3.9}

6.6 TESTINGFORAFUNCTION

Vertical Line Test :

If we are given a graph of the relation then we can check
whether the given relation is function or not . If it is
possible to draw a vertical line which cuts the given curve
at more than one point then given relation is not a function
and when this vertical line means line parallel to Y-axis
cuts the curve at only one point then it is a function.

Y Y
5 \ > X <
> X
- (@)

(1) (ii)

Y Y
» X » X

(0] O

(iii) (iv)

fig (iii) and (iv) represents a function.

6.7 DOMAIN, CO-DOMAINAND RANGE OFAFUNCTION:

Let f: A— B, then the set A is known as the domain of f &
the set B is known as co-domain of f. The set of f images of
all the elements of A is known as the range of f.

Thus : Domainof f={a|a € A, (a, f(a)) € f}

Range of f={f(a)|a € A, f(a) € B}

NOTE :

1.
2.

It should be noted that range is a subset of co-domain.
If only the rule of function is given then the domain of the
function is the set of those real numbers, where function
is defined. For a continuous function, the interval from
minimum to maximum value ofa function gives the range.
Domain = All possible values of x for which f(x) exists.
Range = For all values of x, all possible values of f(x).
Domain = {a,b,c,d} =A

Co-domain= {p,q,r,s} =B

Range = {p,q,r}

A B
a p
b q
C T
d S

Domain And Range Of A Real Function

6.8

()
(b)
©

(d

Domain :

The domain is the set of all real numbers x for which f(x) is
areal number.

Range :

Range of a real function fiis the set of all points y such that
y=1(x), where x € Dom f(x).

The following algorithm is very helpful in determining the
range of real functions.

RULE TO CALCULATE DOMAIN OF FUNCTION :

Let fand g be two given functions and their domain are D,
and Dg respectively, then the sum, difference,

product and quotient functions are defined as :

(f+g)(x)=f(x)+g(x), vx € D, N D,
(f-g)(x)=f(x)-g(x), V x e D, D,
(f.9x)=1(x).gx), V xe D, N D,

(Fg)(x) = @;g(X) #0,VxeD ND,
g(x)

Example 33 Find the domain of the following function

1

D) )= V1-x
(iii) f(x) = 4x + 2 —Ll
.

Solution (i) f(x) = 1—x

We know that 1 —x >0 = x-1<0 = x<1
So, domain of f(x) = (oo, 1]
D )=
O =
1
We know that 2x+1#0 = x¢—5

So, domain of f(x) =R — {—%}
(i) f(x)=V4x+2 _Ll
X —

1
Let g(x) =+/4x +20 and h(x) = —

Domain of g(x) be 4x +20>0

X —
= X2-5=>xe[-5,0)
Domain ofh(x) bex—1#0 = Xe€

X
x eR- {1}

14
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Domain of f(x) = Domain of g(x) N Domain of h(x).

Domain of f(x) =[5, 0) " R— {1}
Domain of f(x) =[5, ) — {1}

Method to Find Range of Real function
STEP1 Putf(x)=y

STEP2 Solve the equation in step 1 for x to obtain x = ¢(y).

STEP3 Find the values of y for which the values of x, obtained

from x = ¢(y) are in the domain of f.

STEP4 The set of values of y obtained in step-3 is the range of f.
Ifrange of f(x) is known then we find the range of f(x), [f(x)|,

1
JE(X) , m , (f(x))? with the help of following table.

1

f(x) [fe)l | (%) f(x) (fx)y*
1

[1,4] | [1,4] | [1,2] [Z’l} [1, 16]
11

[-9,-4]| [4,9] ) [_Z’_ﬂ [16,81]
1] [1

[4,9] | [4,9] | [0,3] (—w,Z}U[gaw] [0,81]

Example 34 Find the range of following function
1
() fix)= X (i) f(x)=Inx

X2

(iii) f{x) =x2 (iv) fix) =

1+x2

1
Solution (i) f(x) = < replace f(x) by y.

1
We get y= X

1

Calculate x intermofy.  ie., x= ;

Set of all values of'y is the range of function.
Herey#0, Vy e R—{0} xis defined
So,range=R — {0}
() f(x)=Inx
y=Inx = x=¢
Here V y € R x is defined
So range =R
(i) fx)=x>

y=x> = x:\/;

Herey >0, V y> 0 x s real value
So range = [0, o)

XZ
2

(iv) fx)=

1+x

2

X

y= > = yt¥y=x* = xX}(l-y)=y
1+x

Y |y

=12y = Xx= -y

y

EZO or y<0

y20 & 1-y>0
ye[0,1)
So v €0, 1)xisreal.
Hence, range =10, 1)
Example 35 Find the domain and range of

f(x)= \/x2 -3x+2
Solution : For domain,
x2-3x+22>0
or (x-1)(x-2)=20

or X € (—OO, l]U[Z, OO)

Now, f(x)= Vx> —3x+2

& 1-y<0

y>1
yeod

2
Now, the least permissible value of (x —ij 1 is 0 when
2 4

X——| =%x—
2 2

Hence, the range is [0, )

x-3
Example 36 Find domain of f(X) = —————
(x+3)V x2 -4

x—3
Solution f(X) -
(x+3Wx2 -4

We must have x*>—4>0 and
(x+2)(x-2)>0 and x#-3

x+3#0

X € (—00,-2) U (2,0) and x #-3
Required answer x € (—00,-3) U (-3,-2) U (2, 0)

Example 37 Find the range of the function

f(x)=6"+3*+6>+3*+2.
Solution : f(x) =6*+3*+ 6>+ 3*+2,

15
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_(\/6—X_J6——x)2+(J3_X_Jf_X)2+626
(VAT (V) 20, v xR

Hence, the range is [6, o)

. x2 -x+1
Example 38 Find the range of f(x) = -
xT+x+1
x2 -x+1
SolutionLet Y =—F——
x“+x+1

or (1-y)x*~(l+y)x+1-y=0
Now, xisreal.

Then, D=0

or (1+y)?-4(1-y)=>0

or (l+y-2+2y)(1+y+2-2y)>0

or By-1)B-y)=0
1 1
or 3ly——|(y=3)<0 or —<y<3
3 3
.1
Hence, the range is {E, 3} .
. x2+l
Example 39 Find the range of f(x) = 5
X“+2
2 2
x“+1 x"+2-1 1
Solution f(x)= 3 =— -1- 5
X“+2 X7 +2 X“+2
Nowx*+22>2, V¥V xR
1 1 1 1
= 0< 5 <— = ——<- 5 <0
1 1
= —<1- 5 <1
2 X7 +2

Example 40 Find the range of f(x) = \/ﬁ+ \/ﬁ
Solution Let ¥ = \/; + E

or y2:x—1+5—x+2m

or y2:4+2\/—x2—5+6x

or y2:4+2,/4_(x_3)2

Then y? has minimum value of 4 [when 4 — (x —3)?=0] and
maximum value 8 when x = 3.

Therefore, y €[2, 2\/5].

Example 41 Find range of value of x for which

1
f(x)=+v2- T is defined.
9—-x

1
Solution f(X) =v2-X ———

\/9—x2

We must have 2-x>0and 9-x*>0
x<2 and x*<9
x<2 and -3<x<3
Requried answer x € (-3, 2]

Example 42 Find domain of f(x) =yx—-V1- x2

Soultion f(x) = x—\]l—x2 to get defined x—\/l—x2 >0

and 1 —x22>0

= X—\/l—x2 >0
= XZ\/l—x2

As x has to be positive, so we can square this inequality

= x*>21-x
1

= x22—
2

= xe(oo l}ulil oo) @)
T T = k) 1

2] V2

= 1-x*2>20

= x*<1

= xe[-1,1] ... (i)

1
from (i) and (i), X € [ﬁ’ 1} . As ‘x’ has to be positive.

Example 43 Find the range of the function
f(x) =2|sin x| — 3 |cos X|.

Solution f(x) = 2|sin x| — 3|cos X|.
We know that subtraction of two continuous function is
always continuous.
So, here f(x) is continuous function.
f(x) has minimum value when x =0
Sof . =-3atx=0 and
f(x) has maximum value when x = /2
Sof =2atx=m/2
Hence range = [-3, 2]

Example 44 Find the range of function

f(x)= \/ sin(cos x) + \/ cos(sinx)

Solution f(x) = \/ sin(cosx) + \/ cos(sinx)

16
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It’s fundamental period is 2.
For range take on interval of 2x length

Suppose it is [—E 3—75}
pp 27
T 37n .
But for (E’?j , f(x) is not real

T T
Now we concentrate for x € [_E,E:|

cos(cosx)-(—sinx) sin(sinx)-cosx

f'(x)=

2\/ sin(cos x) - 2\/cos(sin X)
Since, x = 0 satisfies the above equation
—_0 } O—
-n/2 +ve —-ve n/2

Signs scheme for f'(x)

twoi(3) -5

f = 1(0) = fsin(cos 0) + /cos(sin 0) =/sin1 +1
R= [\/cosl,l +\/sin1J

DPP4
Total Marks 30 Time 20 Minute
1. Question Number 1 to 4. Marking Scheme : +3 for correct
answer —1 in all other cases.[(4.3=12)]
2.  Question Number 5 to 10. Marking Scheme : +3 for correct
answer 0 in all other cases.[(6.3=18)]
1. Find the range of f(x) =x*—x - 3.
2. Find the domain and range of f(x) ="+ x2 —4x+6
_ x2 +34x—71
3. Find the range of f(X) =————
X" +2x-7
4. Find the domain and range of f(x)=v3-2x - x2 .
5 1Ifa, b € {l,2, 3,4}, then which of the following are
functions in the given set ?
@ f={xy:y=x+1}
(b) f,={(x,y):x+y>4
© f£={xy:y<x}
d f={xy):x+y=5}
6. GivenA=1{-1,0,2,5,6,11},B={-2,-1,0, 18,28, 108} and

fi(x)=x>—x-2.Is f(A)=B ? Find f(A).

) 1—
7. Find the domain of f(x) =, |[——— + | ——
X+2 1+x
8.  Which among the following relations is a function ?
2 2
(A)x+yr=r B) g+ =1’
a b
(O)y?=4ax (D) x2=4ay
9. Which of the following correspondences can be called a
function ?
(A) fx)=x’ ;o {101} —>1{0,1,2,3}
B) f=+Vx ;  {0,1,4} > {2,-1,0,1,2}
© f0=+x :  {0,1,4}>{2,-1,0,1,2}
@) f0=-vx ; {0,1,4}—>{=2,-1,0,1,2}
10. Which of the following pictorial diagrams represent the
function
(A) .
(B) . °
< ﬁ\\,\<\ |
(D) . > »> < .
Result Analysis
1. 24to30Marks: Advanced Level.
2. 15to23 Marks : Mains Level.
3. <15 Marks: Please go through this artical again.
7 TYPES OF FUNCTIONS

7.1 Quadratic Function

Let f(x)=ax*>+bx+c,wherea,b,c € Randa # 0. We have

17
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f(x)=a x2+3x+3}

L a a
) b2 ¢ b2
=alx =Xt +———
L a 4a a 4a

Thus, y = f(x) represents a parabola whose axis is parallel

. . b D
to the y-axis and vertex isA| ——,——|. For some
2a 4a

values of x, f(x) may be positive, negative, or zero. Fora >
70, the parabola opens upwards and  for a < 0, the
parabola opens downwards.

This gives the following cases :

a>0andD>0
Let f(x) = 0 has two real roots o and 3 (where o < ).

Then,
0 oa\_/B

f(x)>0 Vx € (-0, o) U (B, )
and f(x) <0 Vx € (a, B)

a>0andD=0

So, f(x) > 0 V x € R, i.e., f(x) is positive for all values of x
except at the vertex where f(x) = 0.

0 A

a>0andD<0
So, f(x)>0 V x € R.i.e, f(x) is positive for all values of x.

0

The range of function is {—2, ooj.
4a

X = —2— is point of minima.
a

a<0andD>0
Let f(x) = 0 has two roots o and B (where ot < [3). Then,

f(x)<0 Vx e (-, a) U (B, ©)
and f(x)>0 Vx € (a, B)

YN

a<0and D=0

So,f(x)<0V x eR,i.e,

f(x) is negative for all values of x except at the vertex where
f(x)=0.

a<0and D<0
So, f(x)<0 V x € R, i.e., f(x) is negative for all values of x

The range of function is (—oo, —B}
4a

X = —2— is point of maxima.
a

0

NOTE:

18
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1. Iff(x)20VxeR,thena>0andD <0
2. Iff(x)<0VxeR,thena<O0andD <0

Example 45 If f(x)= \/x2 +ax +4 is defined for all x, then

find the values of a.

Solution f(x)=+/ x2 +ax + 4 isdefined for all x. Therefore,
x*+ax+4 > 0 forallx
or D=2a’-16<0
or ae[-4,4]

Example 46 Find the complete set of values of a such that

2

—x )
attains all real values.
1—ax

2
X —X

Solution y =
—ax

or x’—X=y-—axy
or x*tx(ay—1)-y=0
Since x is real we get
(ay—1)*+4y >0
or ay’+2y(2-a)+1>0VyeR

So, asa’>0
4(2—-a)’—4a>’< 0
or 4-4a<0
or a€(l, o)
2
x% —
Nowata=1, y=
1-x
x(1-x)
= rx) , (common factor)

= y=x, x#1
= ifx#l = y#1 = y¢R
So, a# 1thena e (1, )

7.2 TRIGONOMETRIC FUNCTIONS
1. y=f(x)=sinx

Domain : R

Range:[-1, 1]

sin’x, [sin x| € [0, 1]

sinx=0 x=n7,n €[
sinx=1 x=({n+1)n/2,n el
sinx=—1 x=“4n-1)m/2,n €1

sin X = sin O x=nm+(-1)"o,n €1

R

sinx > 0 x e U [2nm, m+ 2nn]

nel

In
: /.,
0 /2 n 5m
{ 2

5
|
A

y=1(X)=cosx

Domain: R

Range:[-1, 1]

cos’x, [cos x| € [0, 1]

cosx=0 = x=C2n+1)n/2,n €1
cosx=1 = x=2nmM,n €[
cosx=-1 = x=Qn+1)m,nel

COS X = COS O = x=2nmw fo,n el

b4 i
cosx =2 0 = xe€ U [2nn——,2nn+—}
nel 2 2

y=f(x)=tanx
Domain:R~(2n+ 1)nt/2,n € 1

Range : (—o0, o)
Discontinuous atx =(2n+ 1)m/2,n € 1

tan’ x, [tan x| € [0, ©©)

tanx=0 = x=nm,n €1
tan X =tan = X=nmw+ao,n €
y
A
3n -n LT 0 L /iT 3n > X
5 2 2 5
y=1f(x)=cotx

Domain:R~nm,n € 1
Range : (-, )

Discontinuous at x =n7, n € |

19
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cot’x, [cot x| € [0, o)

cotx=0 = x=2n+ 1)m/2,n €1
y
7Tt R X
_I 0 ZN\ 7T 3m 2n
2 2 >
y=1f(x)=secx

Domain:R~(2n+ 1)w/2,n € 1
Range : (-, —1]U[1, )

sec’x, sec x| €[1, )

actual domain

y=f(x) = cosec x
Domain:R~nm,n € 1

Range : (-, —1]U[1, ©)

cosec’ x, |cosec x| €1, o)

2n

S]]

TN

Note : f(x) =acosx +bsinx = \/a2 +b2 sin(x+tan_1%j
[ -1b
= 2+b2 cos[x—tan l—j

a

Proof: Leta=rsino, b=rcosa, Then,
a
a’+b?=r’and tan o :E

Now, f(x) =1 (cos x sin o + sin X cos QL)

=rsin(x+a)= \/32 +b2 sin(x+tan_1%j

Since —1< sin(x +tan | %j <1

we have

—\/32 1+ b2 S\/a2 1+ b2 sin(x+tan_1%j <va? + b2
So, the range of f(x) =a cos X + b sin x is

[— 32 +b2,\/a2 +b2}.

Example 47 Find the domain of the function

1

f(x)=—
1+2sinx

Solution To define f(x), we must have 1 +2 sinx # 0
or sinx¢—% or x¢nn+(—l)n7§,nez
Hence, the domain of the function is

R —{nn+(—1)n7—6n, ne z}

Example 48 Find the number of solutions of the equation sin x
=x*+x+1.
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2
1 3
Solution Let f(x)=sinx and g(x) = x2 +x+1= (x + E) + Z
as shown in the figure, which do not intersect at any point.

Therefore, there is no solution.

»

(-1/2,3/4) 1

\
AL

g(x)=x"+x+1

f(x)=sinx

v B

1310

Example 49 Find the range of f(x) = sin?x —sinx + 1.
1 2 3
Solution f(x) =sin’x—sinx+ 1= [sin X — —j +—
2 4

3 1
Now, —1<sinx <1 or ——Ssinx—gﬁg

2 2
1
or (< sinx—l 32 orés sinx —— +i£3
2 4 4 2 4

3
Hence, the range is [Z, 3}
Example 50 Find the range of

£(0) =500$6+3cos(6+§j+3
Solution {(0) :5cose+300s(9+§)+3

= 50059+30056—£sin9+3

13 343
=—c0osO———sinO+3
2 2

169 27
= [—+—jsin(6—a)+3
4 4

Thus, the range of f(0) is [-4, 10].
Example 51 Find the domain of f(x) = \/cos(sin x)

Solution f(x) =+/cos(sin x) is defined if
cos(sinx) >0

As we know, —1 <sinx <1 forall x. So, cos0 >0

(here, O = sinx lies in the first and fourth quadrants)
i.e.,, cos(sinx) = O forall x

e, xeR
Thus, the domain f(x) is R.

/ 1
Example 52 Find the domain of ,/cOSX — 5

1

Solution Draw graph of y=cos x and y = E

general form x e [Znn —§,2nn +§}, nel

sin X cOs X
Example 53 If f(x) = 5= > , then find the
\/1+tan X \/l+c0t X
range of f(x).
Solution
X) = SX | co8% =sinx|cosx|—cosx|sinX |

|secx| |cosecx |

Clearly, the domain of f(x) is R ~ {nn, (2n + l)g /ne I}

0, x €(0,m/2)

and £(x) = —sin2x, xe(n/2, )
0, x e(m,3n/2)
sin2x, xe(3n/2,2n)

the range of f(x) is (-1, 1).
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Example 54 Find domain of f(x), where

£(x) = sinx + V16 — x2

Solution f(x) = /sinx ++16 - x

or sinx > 0and16-x*>0
or 2nt < x< (2n+1)mand—4 <x< 4
Therefore, domain is [-4, -] U [0, 1]

y
y=2
&
| S (tan 2, 2)
T I 0 = T o *
-5 4 4 2
-1
(tanx < 2)
v v
X =-7/2 xX=m/2

7.3 POLYNOMIAL FUNCTION

Ifa function ‘f”is called by f(x) =a x"+a x*'+a x"*+... +
a_, x+a wherenisanonnegativeintegerandaga,a, ...
,a arereal numbers anda, # 0, then fis called a polynomial
function of degree n.

NOTE

1.

A polynomial of degree one with no constant term is called
an odd linear function. i.e., f(x) =ax, a, # 0

There are two polynomial functions, satisfying the relation
f(x). f(1/x) = f(x) + f(1/x). They are

() fx)=x"+1

(1) f(x) = 1 —x", where n is a positive integer

Proof : f(x).f (l) =f(x)+ f(lj
X X

WD)

Replace x by l
X

1
f[—j(f(X) -1)=1f(x) (i)
X

Multiply (i) and (ii)

(f(x) —1)[f&j —1} =1

let fix)—1=g(x)

1
g(X)-g(—j =1
X

So, g(x)= +x (only possibility)

So f(x)=1+x"
Domain of a polynomial function is R.

Range of odd degree polynomial is R whereas range of an
even degree polynomial is never R.

Example 55 If f(x) is a polynomial satisfying f(x) f(1/x) = f(x) +

f(1/x) and f(3) = 28, then find the value of f(4).

Solution (b)
f(x)=x"+1
or f(3)=3"+1=28
or 3"=27
S n=3
or f(4)=4*+1=65
7.4 ALGEBRAIC FUNCTION A function ‘f” is called an

algebraic function if it can be constructed using algebraic
operations (such as addition, subtraction, multiplication,
division, and taking radicals) starting with polynomials.

Examples : f(x) :\/x2 +1;

g(x) = +(x - 2)\/x +1
X+ \/_

If y is an algebraic function of x, then it satisfies a
polynomial equation of the form P (x)y"+ P (x)y"' +..... +
P_ (x)y +P (x)=0, where ‘n’ is a positive integer and P (x),

P (x) .... are polynomial in x.

Note that all polynomial functions are Algebraic but the
converse in not true. A functions that is not algebraic is
called TRANSCEDENTAL function.

Basic algebraic function

v

y:x2 » X

Domain : R, Range:R"U {0} or [0, )
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Domain : R— {0} orR; Range: R—{0}

1
(i) Y=—% 5 > X

2
X

Domain : R, Range : R"or (0, )

y

(iv) y=x3 > X

Domain : R, Range: R

7.5 RATIONALFUNCTION

A function that can be written as the quotient of two
polynomial functions is said to be a rational function.

— 2 n =
Let P(x)=a,tax+ax’+...+ax" and Q(x)=b,+bx+
b,x*+.... +b_x"be two polynomial functions.

P
Then the function f defined by f(x) = (x) is a rational
Q(x)
function of x.
DPPS5S
Total Marks 27 Time 20 Minute
1. Question Number 1 to 4. Marking Scheme : +3 for correct
answer 0 in all other cases. [(4x3=12)]
2. Question Number 5. Marking Scheme : +3 for correct
answer 0 in all other cases. [(5%3=15)]
1
1. Solvesinx> —5 or find the domain of

1

1+ 2sinx .

f(x)=

2. Find the range of f(x)=
2cosx —1
3. Find the range of f(x) =|sin x| + |cos x|, x € R
/ 1
COSX — —
4. Find domain of f(x), where f(x)=——— 2
V6 +35x — 6x2

5. Find range of following

(1 f(x)=cos(2sinx)

(i) )= cos* = —sin*

i) f(x)=cos*—— -

5 5
(iii) f(x)=sinvx
(iv) f(x)=cot? (x - Ej
4

(v) f(x)=cos2x—sin2x
Result Analysis
1. 20to27Marks: Advanced Level.
2. 12to 19 Marks : Mains Level.
3. <11 Marks: Please go through above article again.
7.6 EXPONENTIALAND LOGARITHMIC FUNCTIONS
A. Exponential Function

y=a*a>0,a# 1

Domain: R

Range : (0, )

> <

0<a>14‘ a>1
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1.5
X < » X
o
v
Exponential Inequality
. X>y if a>1 q
X > —
a-a X<y if 0<axl an
X2y if a>1
a*>a¥= .
x<y if 0O<ax<l

Example 56 Find the domain of
, 3 1Y
(@) fx)=v3*-9 (i) f(x)= (5] -
Solution (i) f(x) =+/3* -9

We have, 3*-9>0 = 3*>9 = 3*>32
Here,3>1, So, x=>2

o o= (L) -1
(1) fix)= (2) <
X X 3
We have, (lJ 1 >0 = (l) 2(1)
2 8 2 2

1
Here, 0 < 5 <1 So, x<3

1
8

B. Logarithmic Function

Logarithm function is the inverse of exponential function.
Hence, the domain and range of the logarithmic functions
are range and domain of exponential functions,
respectively.

Also, the graph of the function can be obtained by taking
the mirror image of the graph of the exponential function
in the line y = x.

y=log x,a>0anda # 1

Domain: (0, o) Range : (—o0, o)

>

logx(a>1)

logx(0 <a<1)

4 y=log,x

y=log:x
1 y=logsx

y=log,x
i

Properties of Logarithmic Function
Forx,y>0anda>0,a # 2
1. log (x.y)=log x+logy
. log (x/y)=log x—log y
3. log, (x")=blog, x

b b
4. log 5y =—logyy
a

x>y, ifa>1
5. log x>logy

x<y,if 0<a<l

6. log x=y = x=a

x>ay, if a>1

7. Iflog x>y =
X<ay, if 0<ax<l

1
9 10gyx= O8a X
log, y
10. log x>0 = x>landa>lor0<x<land0<a<l

Example 57 Find the range of
(@ f(x)=log, sinx
(b) f(x)=log, (5—-4x-x%)

Solution

(@ f(x)=log sinxisdefinedif'sinx € (0, 1] for which log_sin
x € (=00, 0]

(b) f(x)=log,(5—4x~— x%) = log, {9—(x— 2)*}
f(x) is defined if

9—(x—-2)*>0but9—(x—-2)*<9

or 0<9-(x-2)2<9
or - <log, {9-(x—-2)*} < log9
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Hence, the range is (—o0, 2]

Example 58 Find the domain of

4-3x x(x+8)

f(x) = \/(0.625) —(1.6)
Solution Clearly, (0.625)** > (1.6)**®

4-3x x(x+8)
<@
8 5
3x—4 x(x+8)
<
5 5

or 3x—4 2> x*+8x
or xX*+5x+4<0
or 4<x<-1

Hence, the domain of function f(x) is x €[4, —1]
Example 59 Find the domain and range of

f(x)= log3 {cos(sinx)}

Solution f(x) = [log; {cos(sinx)}

f(x) is defined only if log, {cos(sinx)} = 0

or cos(sinx) = 1

or cos(sinx)=1las—1 < cosB <1

or sinx=0orx=nm,n €l

Hence, the domain consists of the multiples of 7, i.e.,
Domain: {nm,n € [}

Also, the range is {0}.

Example 60 Find the number of solutions of
(2013)*+(2014)*+(2015)*—(2016)*=0
Solution (2013)*+ (2014)*+ (2015)*—(2016)*=0
or (2013)*+(2014)+(2015)*=(2016)*

2013\ (2014)* (2015)*
or + n -1
2016 2016 2016

Now, the number of solutions of the equation is equal to
the number of times

2013\ (2014Y)* (2015)*
2016 2016 2016

and y = 1 intersect.

> <

X X
vk

S~ -

0

v

v

From the graph, the equation has only one solution.

Example 61 Find the domain of f(x) = log) 4 (X__IJ
lx

+5
Solution f(x)= /log04 exists if
lo
g04(x+5j ( )

or <(04) and >0
X+5
x—1 x—1
or <1 and >0
X+5 X+5
X — _
or —1<0 and >0
X+5 X +
or ——<0 and >0
X+5 X +
X —
or x+5>0and >0
X+5
or x>-5andx-1>0 (Asx+5>0)

or x>-5andx>1

Thus, the domain f(x) is (1, )

2
(loge x)

Example 62 Find the range of f(x) = log_x —
|loge x|

(loge x)°
Solution f(x)= loge X— —ce™
|loge x|

2
(loge x)

Jloge x>0
(loge x)

loge x —

2
(loge x)

loge x —
(—loge x)

, logex <0

0, x>1
2loge x, 0<x<1
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Therefore, range is (—o0, 0] .

7.7 ABSOLUTE VALUEFUNCTION/MODULUSFUNCTIONS

, =20
y=|x|={X =T x2=max{x,—x}
x<0

>

Domain: R

Range : [0, )
y
A

y=-x y=xX
0 0
X < 45 . 45 > x

y!

X—a, X=a
y=|x—-al= ,where a > 0
a—x, x<a

y
A
y=a-—x y=x—-a
0 0
e 45 45 . x
0 (a, 0)
y7

Properties Of Modulus Function
(1 x|<a<>-a<x<aie,xe€(-a,a)
(i) [|€a>—-a<x<aie,xe[-aal
(i) [x|>a<>x<-aorx>ai.e.,x € (—0,-a)U (a,©)
(iv) x|za<>x<—-aorx>ai..x € (-0,—a]U [a,0)

If r is a positive real number and a is any real number, then
(V) x—al<r<a-r<x<a+rie,x e (a-r,a+tr)
(vi) k—al<r<a-r<x<atrie,xea-r1,a+r]
(vi) x—a|>r<>x<a-ror,x>a+r

i.e., X € (-0,a—r1) U (a+r, 00)
(vili) x—a|2r<>x<a-rorx=>a+r

i.e., X € (-00,a—r] U [a+r, 00)

Ifa, b> 0 and c are real numbers, then
(ix) a<|x| <b<x e (-b,—a)U (a,b)
® asfx b xe[-b,—a]U]a,b]
x) aslx—c| b xe[-b+c,—atc]Ulatc,b+c]
(xi) a<[x—c|] <b&oxe(-b+c,—atc)U(atc,b+c)
(xii)) Ifa, b, ¢ € R such that b>— 4ac <0, then

a>0= ax*+bx+tc>0forallx € R

a<0= ax’+tbx+c<Oforallx €R

i.e., ax? +bx + ¢ and a are of the same sign for all x € R
Example 63 The solution set of the inequation 1 < [x—2| <3 is

(A)[-1,5] (B)[3.5]

O [-1,1] D) [-1, 1]V [3,5]
Solution (D)

We have

al|x—c|<boxe[-btc,—atc]Ufatc,b+c]
1£x-2|<3&xe[-3+2,-1+2]U[1+2,3+2]
< xe[-1,11U]3,5]

Example 64 The set of all values of x satisfying the inequations
x—1]<5and x| =2is.

(A)[4, 6] (B)[4,-2]

(O [4,-2]V [2,6] (D) [2,6]
Solution (C)

We have,

x—1|<5 and[x[=22

= 5<x-1<5and (x<-2o0rx=>2)

= 4<x<6 and(x<-2o0rx=2)

= x €[4, 6]and x (—00,-2) U [2, o0)

= xe[4,2]1U[2,6]

Example 65 The solution set of the inequation >1 is.

| x|+2

(A)[-1,1]

(C) (_wa l]
Solution (A)

We have

3 >1
| x|+2

B L1
(D) [1, )

= 32[x/+2
[Multiplying both sides by [x| + 2 as it is positive]
= 12 = K<l = xe[-1,1]

1
Example 66 Solve |[3x—2| < 5
_ 1
Solution [3x-2| < E

1 1
or ——<3x-2<-—

2 2
3 5
or —<3x<—
2 2
1 5
or —<x<—
2 6
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Example 67 If

> 1, then x belongs to the interval.

x—4

(A)(2,6)

(©) (-0,2)
Solution (B)

We have,

B) (2,9 (4,6)
(D) (6, )

>1

x—4

2
|x —4]
2>x—4
x—4|<2
4-2<x<4+2
2<x<6

>1

[ x—a<r < a-r<x<a+r]

R

But, is not meaningful for x =4.

x—4

2<x<6andx #4 = xe€((2,9HU4,6)

-1

Example 68 Solve m 21 wherex x €R, x # £ 2, to find

=[x
Ix[=2"

the domain of f(x) =

or

o X122,
|x|-2

=[]

>0
[x|-2

or

|x|-1
or ——<0
|x[-2

y—1
<0, wherey=[x|
y—-2

or

+ - +

—eo 1 2 +oo
or I<y<2

or 1<|x(|<2
or xe(=2,—1]Ull, 2)

Example 69 Solve [x— 1|+ [x—2| = 4.
Solution Let f(x) =[x — 1|+ [x — 2|
First mark all critical points i.e., where all Mod. become
Zer0.
Here such points are x =1, 2
mark these two points on number line
Now, identity all three interval and defined f(x) accordingly

I-x+2-x, x<1
f(x)=4x-1+2-x ,1<x<2
Xx—1+x-2,x>2

3-2x, x<1
f(x)=41 , 1€£x<2
2x—=3,x>2

Now,

3-2x>4 and x<1
fx)z24=> 124 and 1<x<2
2x—-3>4 and x>2

x < _E and x<1
= < NOT POSSIBLE
X>— and x>2
2
o 1 7
Hence, the solution is X €| —, —5 o 5, ©

Example 70 Solve |sin x + cos x| = [sin x| + |cos x|, X €[0, 2m].

Note : |A| +|B|=]A+ B|is true only when A.B > 0
Solution The given relation holds only when sin x and cos x
have the same sign or at least one of them is zero.

Hence, x €[0, n/2]U([n, 3n/2]u {27}

Example 71 Solve |cot x + cosec x| = |cot x| + [cosec X].
Solution We known |A| + [B|=|A + B is true only when A.B > 0

Hence, x € (0, E} ) [3_71’ an
2 2

7.8 SIGNUM FUNCTION

X < > X
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y=1f(x) =sgn(x)

|x| -1, x<0
—,x#0
sgn(x) =4 x x=0 or sgn(x)=<0, x=0
0, 1, x>0
Domain: R

Range: {-1,0,1}

M, f(x)#0
In general, sgn(f(x)) =14 f(x)
0, f(x)=0
-1, f(x)<0
or sgn(f(x))=9 0 f(x)=0
I, f(x)>0

Example 72 Write the equivalent (piecewise) definition of

Solution sgn(sinx) =

f(x) = sgn (sin x).

-1, sinx <0
0 sinx=0

1, sinx>0

sinx<0 xe {(—37t,— 2m),(-n,0),(n,2n),(3w,47)...... }

sinx >0 x € {(-2m,— m),(0,m),(2,3m)......}
sinx =0 xe{(—21t,—1t,0,7t,2n,31t ......
-1, xe(@n+lm, 2n+2)n),neZ
0, X=nm,nez
1, X € ((Znn, (2n + 1)7t), neZ
y
o0———0 o———0
»X
3n 2 T 0 T 2 3n
o———--0 [ o O
y =sinx

Example 73 Find the range of f(x) = sgn(x*—2x + 3).
Solution x>—2x+3=(x—1?+1>0 V x e R

or f(x) =sgn(x*—2x + 3)
Hence, the range is {1}.

Example 74 Write the equivalent definition of the following

functions.

@ fx)=sgn(log [x)  (b) f(x)=sgn(x’-x)

Solution

()

f(x) =sgn(log, [x])
loge[x| can be positive, negative or zero. So we will find
corresponding values of x for which has this can be

v

(i)

(iii)

(b)

positive, negative or zero.
first solve, log x| >0
x|>1

Sgn (positive) =1, x| > 1 (1)
log x| <0

x| <1
Sgn(negative) =—1, [x| <1 w(2)
log [x|=0

x|=1
Sgn(zero)=0, [x|=1 (3)
Combine (1), (2) and (3)

1,[x[]>1

Sgn(loge [x)=1-1.]x|<1
0,]|x|=1

Sgn(x —x)
consider f(x)=x*—x=x(x*-1)=x(x+ 1) (x— 1)
f(x)>0, x e (-1,0) U (1,0)
f(x)<0,x € (—0,-1)U (0, 1)
f(x)=0,x=-1,0, 1

1 xe(-1L,0)u(,0)

Sen(x> —x)=1-1 x e(—0,~1)U(0,1)
0 x=-10,1

Example 75 Find the possible value of following

(i) Sgn (ln(x2 -X+ 2)) (ii) Sgn(ln(x2 -X+ 1))

Solution

Q)

(i)

y=f(x)= Sgn(ln(x2 -X+ 2))

domain of given function is R
For Range :

y=Sg%m@2—x+D)

Sgn [ 1j2+7
y= X—= -
2 4

2
= since (x—%} >0,xeR

- selo([2-))

= Inx>0,ifx>1

7 7
= Here " >1, So {Zs Oo) is always positive

= Sgn (positive) =1
Range = {1}

y:Sg%maz—x+D)
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2 3 (i) 2 —3x-10)In2(x - 3)
y=Sgn| In (x——j +—
(x=3)>0, x2 351020
) x>3 x+2)(x-520
1
= (x——) >20,xeR (=0, —2]U[5, ©)
2 Include x=4 also
3 atx =4, the value of In?> (x - 3) =0
= Sgn[ln[—, OOD although (x*—3x—10)=-ve
4

domain|[5, w) U {4}

3 o .
= b {Z ’ Ooj can be positive, negative or zero also Example 77 Find the domain & range of the following functions.

= Sgn (Positive, negative or zero)=-1, 0, 1 @ y=log (\/E(sinx—cos x)+3)
J5
Range= {1,-1, 0}
Example 76 Find domain of following X X2 _3x+2
(i) fx)=—— (iii) fx)= —5———
(i) f(x)=4/logy(cos2mx) ®) 1+ x| ) X2+X—6
(i) £(x) =2 ~3x~10)In2(x ~ 3) @) £oo= Vx> — x| + -
9-x

Solution

@ f(x)=4/logy (cos2mx) Solution

Casel i = inx—
0<x< 1 (@) y=logg (\/E(smx cosx)+3)

log, cos (2nx) > 0and cos(27x) >0 Domain of functionis X € R

cos@mx)<1  and cos(27x)>0 for Range

0<cos(2mx) <1 y=log ; (\/E(sinx—cosx)+3)
T 3n

0<2mx<— |U| —<2mx <2rm :logf(\/i(—\/ztoﬁ)+3)

2 2 s

= log ;(-2t02)+3

3
(Znn <2mx<(2n+ 1)Ej U (2nn + 28 <omx < 2nm+ 27:)
2 2 ’ = logz(1t05)

nel y=0to2
1 3 (i) f(x)=—
nSx<n+Z V) n+Z<x£n+1 1+ x|
Domain: 1 +[x|#0
for n=0 x| #—11is true forx € R
1 3 So, domain of f(x) is R.
0Sx<Z U Z<XS1 (i) Range :
Case:1x2>0 Case:2x<0
Casell
x>1 -_x y= X
log, cos(27x) > 0 l+x 1-x
cos(2mx) > 1 1 1
_ y=l-— y= -1
cos2mx =1 1+x 1-x
xeNandx=>2 (.. x>1) ..(i) | |
from (i) and (ii =l-—— = -
(t)and (1) Y T I 0 o w) Y (o t0 0]

1 3
X € O,—ju —,1|juxeN, x>2
4 4
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1 1
[1to o) (o to 1]
y=1-[1t00) y=(@0to1]-1
yel[0,1) y=(-1to0]
So Range of f(x) is (-1, 1) y € (-1,0]
x*=3x+2
i) fix)=
(i) ) x*+x—-6
D;e R—{3-2}
_(x=-D(x-2)
for range ¥ —(x+3)(x—2)
_x-1 )
y 13 (1)
_3y+1
I-y
y#1
putx =2, in equation (i)
L1
75
1
So the range yeR—{l, g}
(iv) f(x)=x"—|x]| + ! -
9-x
X2~ |x|>0 9-x2>0
x2> x| -3<x<3
x4>x?
XX(x*-1)20
+ -, = +
-1 0 |
+ +
-3 3
x e (-3, -1]U[l, 3)u {0}
DPP 6
Total Marks 36 Time 30 Minute
1. Question Number 1 to 6 . Marking Scheme : +3 for correct

answer —1 in all other cases.[(6.3)=18]

Question Number 7 . Marking Scheme : +3 for correct
answer 0 in all other cases.[(3.2)=6]

Question Number 8 . Marking Scheme : +3 for correct
answer 0 in all other cases.[(1.3)=3]

Question Number 9 . Marking Scheme : +3 for correct
answer 0 in all other cases.[(1.3)=3]

Question Number 10. Marking Scheme : +3 for correct
answer 0 in all other cases.[(2.3)=0]

10.

, . 1-5%
Find the domain of f(x) = X 5 |-

Find the domain of function f(x) = log,[log, {log,(18 —x*~77)}]

Let x E(O, gj Then find the domain of the function

f(x) = !

—log tan x

sinx
Solve|x—1]-5] = 2

| x+3]+x
ve —————

Sol >1.

X+2

Solve |-2x?+ 1 +e*+sinx|=2x2— 1| +e*+|sinx], X €[0, 27]

logz[

Vx +1

x—1

Verify that
() xsgnx=|x|
(ii)) x (sgnx)(sgnx)=x

(i) [x|sgnx=x

Find domain of f(x) =

Find the domain of f(x) =

Find Range of following
@) ln(Sx2 —8x+4)
(ii) 10g\5(2—10g2(16sin2 x +1))

Result Analysis

1.
2.
3.

7.9

1.

28 to 36 Marks : Advanced Level.
20 to 28 Marks : Mains Level.
<20 Marks : Please go through above article again.

Function Of TheFormf(x) =max. {g,(x), g,(x) ...., g (x)} or
£(x) = min.{g, (x), g,(X)y 8,9}

Let us consider the function f(x) = max. {x, x*}.

To write the equivalent definition of the function, first
draw the graph of y=x and y = x*.

Yy
A
=X
P tor’
Y 5 \Neglective
K 4-— Neglecting
X' < y » X
0 1
Neglective
y

Now, from the graph, we can see that

For x € (-, 0), the graph of y = x? lies above the graph
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ofy=xorx>>x.

2. For x €(0, 1), the graph of y = x lies above the graph of
y=x?0rx>x>

3. For x € (1, ), the graph of y = x? lies above the graph of

y=Xxorx*>x.
Hence, we have

x2, x <0
f(x)=4 x, 0<x<1
2 x>0

For f(x) =min. {x, x*}, we have

X x<0
fx)=1x2, 0<x<1
x, x>0

Example 78 Consider the function
f(x)=max. {1, x—1|}, min={4,3x—1]} VxeR
Then, find the value of f(3).
Solution f(3)=max. {1,|3— 1|}, min. {4,]9— 1|}
=max. {1,2,4}
=4

Example 79 Iff: R — R and g : R — R are two given functions,
then prove that

2 min. {f(x) - g(x), 0}, =1(x) - g(x) - g(x) — f{x)|
Solution h(x) =2 min. {f(x)—g(x), 0}
- { 0, £(x) > g(x)
- 2f0-g0) f(x) <g(x)

) {f(x) — (- f()-gx) |, F(x)>g(x)
f(x)—gx)-f(x)-gx) |, fx)=<gx)
h(x) = f(x) — g(x) - [g(x) - f(x)|
Example 80 Draw the graph of the function f(x) = max . {sin x,

cos 2x}, x €[0, 27t]. Write the equivalent

definition of f(x) and find the range of the function.
Solution sin x = cos 2x

or sinx=1-2sin’*x

or 2sin’x+sinx—1=0

or (2sinx—1)(sinx+1)=0

ie., sinx=— orsinx=-1

2
Sm

n
—, = orx=m
6 6

i,e., X =

yzémax{sin x, cos 2x}

RIS R N R R

.
.
.
v

-1 _
< y=ikos 2x
From the graph,
cos2x, 0<x < I
6
5
f(x) =9 sinx, ES X <—7t
6 6

5
cos 2X, ?n< x <27

Also, the range of the function is [-1, 1]

7.10 GREATEST INTEGERAND FRACTIONALPART
FUNCTION

A. Greatest Integer Function :
For any real number x, we denote [x], the greatest integer
less than or equal to x.
Forexample, [2.45]=2,[-2.1]=-3,[1.75]=1,[0.32] =0, etc.
The function fdefined by f(x) = [x] forall x € R, is called
the greatest integer function.
Clearly, the domain of the greatest integer function is the
set R of all real numbers and the range is the set of all
integers as it attains only integral values. The graph of the
greatest integer function is showing in fig.

In general, if n is an integer and x is any number satisfying
n < x<n-+1,then

[x]=n
Also, if {x} denotes the fractional part of x, then
[x]=x—{x} orx=[x] + {x}.

Properties of greatest integer function :
Ifnis an integer and x is any real number between n and n
+ 1, then the greatest integer function has the
following properties.

@ [-n]=—[n]
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(i) [x+n]=[x]+n

(iii) [-x]

—
o
flan
I
—_

-1, ifxegZ

(iv) [X]+[x]= { 0, ifxeZ

) 2[x], ifxeZ

V) X]-[=x]= {2[x]+1, if xgZ

(vi) [x]Zn = x2>n,wheren € Z
(vii) [X]<n = x<n+l,neZ
(viii) [X]>n = x2nt+l,neZ
® [x]<n = x<nne’Z

® [xt+y]=[x]*+[y+x—[x]]forallx,y € R

' +l+ +£++ +n_—1
xi) [x]+]|X " X ST X

NOTE:

y
Proprieties of Fractional Part Function :
Domain: R
Range: [0, 1)

1
F(x)=—
YT

Domain:R-[0, 1)

1
Range : {x|x=—, neIO}
n

Fractional Part Function
y=1(x)={x} =x—[x]

x—(-1) , -1<x<0
— e 1= X—=0 , 0<x<l
y=&xi=x-[x] x-1 . 1<x<2

x+1 , -1<x<0
y={x}=9 x , 0<x<l
x—-1 , 1<x<2

SN S e

x+yl=[x]*+[y,0 < ixj +{y} <1

x+yl=[x]+[y]+ L1 < {xj+{y}<2

{x}+{=x}=0ifx €1
{x}+{=x}=1lifx €1

Example 81 Find the domain of

F(x) = J([x]-1) ++/(4—[x])

(Where [ ] represents the greatest integer function).

Solution Given f(x) = \/([x]— 1) ++/(4 —[x])
So, f(x)isdefinedwhen[x]—1 = Oand4—[x] = 0.1i.e.,

1<[x]£4 or 1<x<5
Hence, the domainoff(x)isD.=[1,5)

Example 82 Solve 2[x] =x + {x}, where [.] and {.} denote the
greatest integer function and the fractional part function,
respectively.

Solution Given 2[x] =x + {x}
or 2[x]=[x]+2{x}

[x]

or {x}= 7

or Osﬂd

or 0<[x]<2
or [x]=0,1
For [x]=0,we get {x} =0orx=0

3
For [x]=1, we get {x} = E orx= 5

Example 83 Solve the system of equations in X, y, and
z satisfying the following equations :

x+[y]+{z}=3.1

{x}+y+[z]=43

[x]+{y} +[z]=54
where [.] denotes the greatest integer function and {.}
denotes the fractional part function).

Solution Adding all the three equations, we get

2(x+ty+tz)=128 or x+ty+z=64 (1)
Adding the first two equations, we get
x+ty+z+[y]l+{x}=74 (i)
Adding the second and third equations, we get
x+yt+tz+[z]+{y}=9.7 ..(1ii)
Adding the first and fourth equations, we get
x+ty+z+[x]+{z}=8.5 w.a(iV)

From (i) and (ii), [y] + {x} =1

From (i) and (iii), [z] + {y} =3.3

From (i) and (iv), [x] + {z} =2.1

So,
[x]=2.[y] = 1, [2]=3, {x} =0, {y} =03 and {z} =0.1
x=2,y=13,2=3.1

Example 84 Solve x> —4 —[x] =0 (where [.] denotes the greatest
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integer function).
Solution The best method to solve such system is graphical one.
The given equation is x> — 4 = [x].

Then, the solutions of the equation are the values of x
where y = x> —4 and y = [x] intersect.

=
&5]
—

From the graph, it is seen that these intersect when
x*—4=2andx*-4=-2
ie., xX)=6o0rx?=2

ie, x=4/6 or —\/5

Example 85 log  {x} =—x, find no of solution x € (-3, 3).
Solution Two different function one linear and other logarithmic
are given. So we will solve such kind of problem using
graph.
So we will draw graph of y=—xandy = log10 {x}.
While drawing graph of y = log1 O{x} , we will take care as
0<{x}<1,VxeR

So the no. of solution is 3

[x], 0<{x}<0.5
then prove that

Example 86 If f(x)=
[x]+1, 0.5<{x}<1

f(x) =—f(—x) (where, [.] and {.} represent the greatest integer
function and the fractional part function, respectively.
[-x], 0<{—x}<0.5

Solution f(—x) = {
[-x]+1, 0.5<{x} <1

[—x1], {=x}=0
=< [-x], 0<{-x}<0.5
[x]+1, 0.5<{—x}<1

[x]. x3=0
=4 —-1-[x], 0<1-{x}<0.5
—1-[x]+1, 0.5<1-{x}<1

—[x], {x}=0
= {-1-[x], 0.5<{x}<lI
[x], 0<{x}<0.5

) Ixl, 0< {x}<0.5
1o [x], 05<{x}<1

—x], 0<{x}<0.5
- = —f(x)
I+[x], 0.5<{x}<l1
Example 87 Let [k] denotes the greatest integer less than or
equal to k.
If number of positive integral soluitions of the equation

[[;J: [lf—ﬂ
soton =15

Casel 0<—<1 and 0<— <1
ase _9 an _11

= 0<x<9 and 0<x<11

= common value of X is
{1,2,3,..... 8}

is n, then find the value of \\n—§ .

X X
Casell l£§<2 and 1£H<2

= 9<x<18 and 11<x<22
= xe{ll,12,.... 17}

X X
Caselll 2 < §<3 and Zﬁﬁ <3

= 18<x<27 and 22<x<33
= x €{22,23,.....26}

X X
CaselV 3S§<4 and 3Sﬁ <4

= 27<x<36 and 33<x<44
= x €{33,34,.....35)

X X
CaseV 4S§<5 and 4Sﬁ<5

= x=44
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total positive integer
x=8+7+5+3+1=24

Answer = \/24_8 =4

Example 88 Find the domain and range of
(%) =108 e 1) (2~ [sinx] — [sin x]%)
Solution We have, f(x) = log(coScc 1) (2—[sinx] — [sinx]?)
for Domain
cosecx—1>0
cosec x>0 .. (1)
cosecx—1 # 1
cosecx # 2
x» X 20 .. ()
6 6
sinx # 1
T[: een
X # 5 ... (1)
from (1), (i1) & (iii)

x € (2nm, 2nw+ TC)—{ZHTH—%, 2nn+§, 2nn+%}

for Range

log, 2=1(x), t=cosec x —1

U

f(t)= te (0, 0)-{1}

log, t

ft)

Range of function is (—o0, ) —{0}.

7.11 IDENTICAL FUNCTION
Two functions fand g are said to be identical if
1. Domain of f=Domainof g, i.e., D= D,.
. The range of f = Range of g.
3. fx)=g(x) V xeD,orx e Dg

For example, f(x) = x and g(x) = \/xz are not identical

functions as D, =D butR =R, R = [0, ©) .

Example 89 Find the values of x for which the following func-

tions are identical.

1
(@) f(x)=xandg(x)= T

(b)

1

f(x)=cosxandgx)= T—5—
Vi+ tan2 X
\/9 x —X2

© f(x)= and g(x) =

x—2
Solution
(@) f(x)= x1isdefined forall x. But

(b)

©

Total Marks 34

1.

1
X)=——=X
g(x) .

is not defined for x =0 as 1/x is not defined at x=10.
Hence, both the functions are identical for x € R — {0}.

f(x) = cos x has domain R and range [-1, 1].

1

But &x)= =/ cosx |

\/l +tan2 X \/sec X
has domain R — {(2n+ 1)7/2,n € Z} as tan X is not defined
forx=02n+ 1)/2,n € Z.

Also, the range of g(x) = |cos x| is [0, 1].

Hence, f(x) and g(x) are identical if x lies in the first and
fourth quadrants, i.e.,

xe(—z+2nn,z+2nnj, neZz
2 2

\/9—x2

f(x) = ———— isdefined if 9—x* > 0 andx -2 >0
X—-2

or x €[-3,3]andx>2o0rx € (2,3]

9_x2 L2
g(x) = is defined if >0 or
x—2 x—2
2 - + - +
x" -9 , , .
5 =0 3 2 3

From the sign scheme, x € (-0, —3]U (2, 3]

Hence, f(x) and g(x) are identical ifx € (2, 3]

DPP7

Time 60 Minute
Question Number 1,2, 3 4,7, 8. Marking Scheme : +3 for
correct answer 0 in all other cases.[(6.3)=18]

Question Number 5, 6. Marking Scheme : +8 for correct
answer 0 in all other cases.[(2.8)=16]

Find the equivalent definition of
f(x) =max. {x% (1-x)%2x(1—x)} where 0 < x <1

Find the domain and range of f(x) = log {x}, (where { }
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represents the fractional part function).

Find the range of f(x) = [sin {x}], where {.} represents the
fractional part function and [.] represents the greatest
integer function.
. X —[x]
Find the range of f(x) = —————, where [ ] represents
I-[x]+x

the greatest integer function.

Find the domains of definitions of the following functions
(Read the symbols [*] and {*} as greatest integers and
fractional part functions respectively.)

. [x]
(1) f(X) = 2x — [X]

(i)

7.

1 1
f(x) = x] +log, _ (X = 3x + 10) + m +
1

J/sec(sin x)
f(x) = 4/{x} (x —1)(x — 2) Then find domain of f(x).

(Read the symbol {*} as fractional part function)

Find range of Sgn(cos(2 sin X))

Result Analysis

20 to 28 Marks : Advanced Level.
16 to 20 Marks : Mains Level.
<16 Marks : Please go through above article again.

CLASSIFICATION OF FUNCTION

ONE-ONE FUNCTION (INJECTION)

A function f: A — B is said to be a one-one function or an
injection if different elements of A have different images in B.
Thus, f:A — Bisone-one

Pt a%b = f(a) # f(b) foralla,b € A
=4 fla)=f(b) = a=bforalla,beA

For Example, R »> Rf(x)=x*+1;f(x)=e™; f(x)=Inx
Remember that a linear function is always one-one
Diagramatially an injective mapping can be show as

A B A B
For Example, A function which associates to each country

in the world, its capital, is one-one because different coun-
tries have their different capitals.

For Example, Let f: A— B and g: X =Y be two functions
represented by the following diagrams :
Clearly, f: A— B is a one-one functions. But g, X = Y is

not one-one because two distinct elements x, and x, have
the same image under function g.

A B
b
b
b,
b,
b,

X Y

g
N =
=l |

For Example, LetA={1,2,3,4} B={1,2, 3,4,5,6} and
f: A— B be a function defined by f(x) =x + 2 forall x € A.

We have, f={(1, 3),(2,4),(3,5), (4,6)}

Clearly, different elements in A have different images
under function : So, f: A— B is a injection

Let f: A — B be a function such that A is an infinite
set and we wish to check the injectivity of f. In such a case
it is not possible to list the images of all elements of set A
to see whether different elements of A have different im-
ages or not. The following algorithm provides a system-
atic procedure to check the injectivity of a function.

Method of Checking Injectivity of Function :
Method 1:

Step1 Take two arbitrary elements X, y (say) in the domain of .
Step2 Putf(x)=1(y)
Step3  Solve f(x) =1(y).

If f(x) = f(y) gives x =y only, then f : A — B is a one-one

function (or an injection). Otherwise it is not.

Method 2:
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Equivalent to number of
D ot ways in which n different Number of functi
escription . . umber of functions
P balls can be distributed
among r persons if
. Any one can get any number
1 [Total number of functions Y ) & Y r
of object
Each gets exactly 1 object or "C .n! >
Total number of one-to- 8e™ v oo C,nl, r2n
2 . permutation of n different 0 r<n
one function . . ’
objects taken r at a time
3 Total number of many-one | At least one gets more than r"="C,n! r>n
function one ball ', r<n
" ="Ci(r=1)"+"Cy(r=2)"-"C5(r=3)"+..., r<n
Total number of onto
4 . Each gets at least one ball r!, r=n
function
0, r>n
5 Total number of into "'C(r=1)"="C,y(r—=2)"+"Cy(r=3)"—...,T<n
function ', r>n
6 Total number of constant [All the balls are received by
. r
function any one person
y y Number of one-one functions from A to B is the
number of arrangements of n items by taking m at a time
ie,"C_xm!
/ Thus,
5 > X 5 > X Number of one-one function from
n .
Cpxm!l, ifn>m
AtoB= .
0, if n<m
one-one function one-one function
8.2 MANY-ONE FUNCTION

Injectivity of a function can also be checked from its graph.
If any straight line parallel to x-axis intersects the curve y
= f(x) exactly at one point, then the function f(x) is one-one
or an injection. Otherwise it is not.

Method 3:

Iff: R — Ris an injective map, then the graph of y =1(x) is
either a strictly increasing curve or a strictly decreasing
curve. Consequently,

d_y>0 or ﬂ<0 for all x.

dx dx

Number of ONE-ONE Function :

If A and B are finite sets having m and n elements
respectively, then

A function f: A — B is said to be a many-one function if
two or more elements of set A have the same image in B.

Thus, f: A— B is a many-one function if there exits x, y €
A such that x # y but f(x) = (y).

In other words, f: A — B is a many-one function if it is not
a one-one function.

m_m
n - Cpxm!, n>m
L

No of Many one function =
, n<m

Example R — R f{x) =[x] ; f{ix) =[x/ ; f{x) =ax*+bx +c; f{x) =sinx

Diagramatically a many one mapping can be show as
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A B A B
(= e ()

Graphical Mathod to check whether function is many-one
or not

A

Many-one function Many-one function
If a line parallel to x-axis, cuts the graph of the function
atleast at two points, then f is many-one.

Note :

(1) Any continuous function which has atleast one local maxi-
mum or local minimum in its domain, then f(x) is Many-one.

(i) Ifa function is one-one, it cannot be many-one and vice versa.
One One + Many One = Total number of mapping

Example 90 Let f: A— B and g: X = Y be two functions
represented by the following diagrams :

Clearlya, # a,but f(a))=f(a,) and x, # x, butg(x )= g(x,).
So, fand g are many-one functions.

Example 91 Find whether the following functions are
one-one or not :

(i f:R—>Rgivenbyf(x)=x*+2forallx € R

(i) f:Z—>Zgivenbyf(x)=x>+1forallx € R

Solution Method 1

(1) Letx,ybe two arbitrary elements of R (domain of f) such
that f(x) = f(y).
Then,

fx)=1fy) = xX*+2=y'+2 = x*=y’ = x=y

Hence, f'is a one-one function from R to itself.

(i) Letx,ybe two arbitrary elements of Z such that f(x) = f(y).
Then,
fx)=fly) = x*+1=y"+1 = x’=y* = x= ¢ty
Here, f(x) = f(y) does not provide the unique solutionx =y

but it provides x = +y. So, f is not a one-one function.
Infact, f(2) =22+ 1=5and f(-2)>+ 1 =5. So, 2 and -2 are

two distinct elements having the same image.
Method 2
() fx)=x3+2

f'(x) =3x2

f'(x) =3x*20vy, x€R

so function is one-one
(i) flx)=x*+1

f'(x) =2x

f'(x) can be positive, negative or zero as x € R

so function is many-one

x2 +4x +7
Example 92 Let f: R > R where f(x) = — - Isf(x)
X" +x+1
one-one ?
Solution Method 1:

Let f{x)=f(x,) i.e.,

x12+4x1+7:x%+4x2+7

2
X] +x1+1

2
x2+x2+l

or (x,—x,)(2x,+2x,+x,x)=0

One solution is obviously x, = x..

Letus consider 2x +2x, +x x,+1=0

Here, we have got a relation between x, and x, and for each
value of x, in the domain, we get a corresponding value of
x, which may or may not be, the same as x,. Let us check
this out :

Ifx, =0, we getx,=—1/2 # x and both lie in the domain of f.
Hence, we have two different values, x, =0 and x,=-1/2,
for which f(x) has the same value, thatis f(0)=f(—1/2)=7.
Hence, f is many-one.

Method 2
x2 +4x +7
f)="—7F—"-
X" +x+1

f:R — Risaninjective map

(x2 +x +D2x +4) - (x% +4x + T)(2x +1)
(x2 +X+ 1)2

£i(x)=

3

253 +6x% +6x +4—(2x° +9x% +18x +7)

(x2 +x+1)2

(3x? +12x +3)
(x2 +Xx+ 1)2

f'(x) can be positive, negative and zero , so function is

Many-one

8.3 ONTO FUNCTION (SURJECTION)
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A function f: A — B is said to be an onto function or a
surjection if every element of B is the f-image of some
element of Ai.e., if f(A) =B, or range of fis the co-domain of f.
Thus, f: A— Bisasurjectioniff for be B, 3a € A each
such that f(a) = b.

NUMBER OF ONTO FUNCTIONS

8.4

If A and B are two sets having m and n elements respec-

tively such that 1 < n < m, then number of onto func-
tions from A to B is given by

n —
rgl (- T nCr (m

Derivation : Let set A contains ‘n’ elements and set B
contains ‘y’ elements where n > y.

A

A
A,
A

— > B

Number of onto funciton from A — B = Total number of
function from A — B — Total number of into function from
fromA— B (D)
Total number of function=rXxrXxr X ... ntimes ...(2)
[ Every element is having r option]

INTOFUNCTION

A function f: A — B is an into function if there exists an
element in B having no pre-image in A.

In other words, f: A — B is an into function if it is not an
onto function.

eg. f:R>R  f(x)=[x],]xl, sgnx,f(x)=ax’+bx+c

(=50

Methods to Determine Whether a Function is Onto

or Into

If range = co-domain, then f is onto. If range is proper
subset of co-domain, then f'is into.

Solve f(x) =y for x, say x = g(y).

Now, if g(y) is defined for each y € co-domain and g(y) €
domain of f for all y € co-domain, then f(x) is onto. If this
requirement is not met by at least one value of'y in the co-
domain, then f(x) is into.

NOTE:

1.

2.

An into function can be made onto by redefining the
co-domain as the range of the original function.
Any polynomial function f: R — R is onto if the degree

of fis odd and into if the degree of fis even.

TOTAL NUMBER OF INTO FUNCTION

2n(B,UB,UB,UB,...UB)=2n(B)-Xn(B,NB)+
2n(B,NB,NB)...+(-1)Zn(B,NB,NB)

where,

Zn(Bi) = number of function from A — B, when i
elements is not being mapped from A

i.e., i" element is not range of f: A— B

Zn(Bj) = Selection of that i® element x no. of possible

function when i element is not in range of

f:A—>B

2n(B)="C, x (r— 1)

Zn(Bi N BJ.) = Number of function from A — B when ith
and j" is not being Mapped from A

i.e,.i"and j"is not in Range of f: A— B

Zn(Bi N B)) = Selection of those two i® and j*®

element x number of possible function when ith and jth

element is not in Range of f : A — B
2n(B,NB)="C,x (r-2y
Similarly, Xn(B,\ B, B)="C, x (r-3)"
Total number of into function ..(3)
=C, -1)y-"C(r-2)"+'C,(r-3)"... +(-1)"""C_ x1
from (1), (2) and (3)
Number of onto function =r"— ['C (r— 1)" - "C, (r — 2)" +
C,(r=3)" ...+ (=)' xC_ x1]

Number of onto function = " —"C (r — 1)" + 'C,(r — 2)" -
C(r=3)" ...+ (=)' xC_,

NUMBER OF FUNCTION (MAPPING)

Thus A Function Can Be One Of These Four Types

one-one onto (injective & surjective)

\ [
/ \
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one-one into (injective but not surjective)

\ [ .-
/ \

many-one onto (surjective but not injective)

.

many-one into (neither surjective nor injective)

S

NOTE :

1.

(a)

(b)

8.5

If “f” is both injective & surjective, then it is called a
Bijective mapping. The bijective functions are also named
as invertible, non singular or biuniform functions.

If a set A contains n distinct elements then the number of
different functions defined from A — A is n" & out of it n!
are one one and rest are many one.

f: R — Ris apolynomial

Of even degree, then it will neither be injective nor
surjective.

Of odd degree, then it will always be surjective, no
general comment can be given on its injectivity.

CONSTANT FUNCTION

f: A— B is said to be constant functions if every element
of A has the same fimage in B. Thus, f: A>B ; f(x) =c,
Vx €A, ¢ € B is constant function. Note that the range
of a constant function is a singleton set

Domain: R

Range: {c}

It should be noted that the range of a constant function

contains only one element. Moreover, a constant function
may be one-one or many-one, onto or into as shown in the

following diagrams.

f, is many-one and into function.

f, is one-one and into function.

A B
‘ f, ‘
f, is one-one and onto function.

Example 93 Let f: R = R, where f(x) = sin x. Show that f'is into.
Solution Since the co-domain of fis the set R, whereas the
range of fis the interval [-1, 1], fis into.
Can you make it onto ?
The answer is “yes”, if you redefine the co-domain.
Let fbe defined from R to anotherset Y =[-1, 1], i.e.,
f: R — Y, where f(x) =sin x. Then fis onto as the range
of f(x)is[-1,1]=Y.

Example 94 Let f : N — Z be a function defined as
f(x) =x—1000. Show that f'is an into function.
Solution Let f(x)=y=x—-1000
or x=y+ 1000 =g(y) (say)
Here, g(y)is defined for eachy € I, but g(y) ¢ N
fory < —1000. Hence, f'is into.

Example 95 Show that f: R — R defined by f(x) = (x — 1)
(x—2) (x—3) is surjective but not injective.
Solution
f(1)=1f(2)=1(3)=0

y
* y = (x=1)(x-2)(x-3)
N\ /
/ N\ B
ol /1 2N_"3

As we can see a line parallel to x-axis is cutting graph at
three points, So function is many-one

2

Example 96 If the function f: R — A given by f(x) = ; is
x“+1

surjection, then find A.
Solution The domain of f(x) is all real numbers.
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Since, f: R — A is surjective, A must be the range of f(x).
Letf(x)=Yy,

. . y >0
exists if _l—y 2 5 :
or 0<y<l
Hence, A €][0, 1)

Example 97 IfA= {1, 2, 3,4} and f: A—> A, then total number of
invertible function ‘f”such that f(2) # 2, f(4)#4,f(1)=11s
equal to

Solution Three possibilities are here.

r‘
"
[

Total no. of invertible function =3

Example 98 f(x) = x>+ bx + 3. is not injective for x €[0, 1], find
value of b ?
Solution f'(x)=2x+b=0

-b
X=—
2 ‘ >
- - b [x=1
0<2 1 S b
2 2
be(-2,0)
Example 99 Match the columns :
Column I Column IT

(A) f(x)=cos [% sinx + \/%TE cos XJ (P) Domain of f(x)

is (—o0, )

(Q) Range of f(x)
contains only one
positive integer

(R) f(x) is many-one
function

(S) f(x) is constant
function

where [x] and {x} denotes greatest integer and fractional
part function respectively.

Solution (A) > P,Q,R;(B) > P,Q,R;(C) > P,Q,R,S;

D)—>PR,S

A fx)= cos[%sin X+ \/%ncos XJ

1. \F
= COS| M| —=SINnX+,[— COSX
(ﬁ 3 D

= cos| m(sin(x +Q))

(B) f(x) =log, (Jsinx |+ 1)

(©) f(x) = cos{[x] + [x]}

(D) f(x) = [{le*]}]

~ltol

= cos(—n to n) = (-ltol)
Domain=R

function = Many to one

(B) f(x)=1log, {| sin X |+ 1}

Otol

=log, (1t02)

=[0,1]

Domain=R

function = Many-one because of sin x

(C) cos {[x] + [—x]}

I

=cos {I}
=cos 0 =1 always

©) 0 =[{I¢" I}] =always0
Example 100 Find the number of surjections from

A={1,2,..,n}.toB={a, b} forn > 2.
Solution Clearly, number of surjections from A to B.

_ i(_l)Z—r ZCr I_n
r=1
= (71)[1 ZCI (1)n+ (71)0 2C2. 2n
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=212

Example 101 Let f: X — Y be a function defined by f(x) =a sin
(x + m/4) + b cos x + c. If f is a bijection, find the sets
XandY.

Solution : We have,

f(ix)=asin(x+m/4)+bcosx+c

asinx a
= f(x)=—+(—+bjcosx+c
V2 V2

= f(x)=rsin (x +0) +c, where
B ORCDRE

thanl[aJrﬁbJ

a

For fto be one-one, we must have

Toxto<l
= T g<x<l_9
2 2

= xe[—ﬁ—e,ﬁ—e}
2 2

Hence, X= [—E— 0, r_ 9} , Where
2 2

Gztanl(a—i_\/zbj

a

For f to be onto, we must have
Range of f=r
Rangeoff=[c—r,c+r] As-1<sin(x+Q)<1

8.7 PERMUTATION AND COMBINATION PROBLEMS
Example 102 A function f: A — B, such that set “A” and “B”
contain four elements each then find
(1) Total number of functions
(i) Number of one-one functions
(i) Number of many one functions
(iv) Number of onto functions
(v) Number of into functions
Solution
(1) [I*element of A can have its image in 4 ways.
Similarly II, IIT and IV can have 4 options for their image
each.
Hence number of functions = 4*
(i) 4 different elements can be matched in 4! ways
(i) Number of many one functions
= Total number of functions — number of one-one functions
=44—-4)

(iv) Since 4 elements in B are given hence each should be
image of atleast one.
So number of onto function = 4!

(v) Number of into functions = 4 — 4!

Example 103 A function f: A — B, such that set “A” contains
five element and “B” contains four elements then find
(1) Total number of functions
(i) Number of one-one functions
(ii)) Number of onto functions
(iv) Number of many-one function
(v) Number of into functions
Solution
(1) Total number of functions
Hence number of functions =4 x 4 x 4 x 4 x 4 =43
(i) Number of one-one functions
Since A contains five elements hence one-one function is
not possible.
(ii)) Number of onto function
:4574(:1 35+4C2 2574(:3 15
=1024-972+192-4
=240
(iv) Number of many one function
All the possible functions are many-one
=4=1024
(v) Number of into functions
Number of into function = Total number of functions —
number of onto functions
=1024-240=784

Example 104 A function f : A — B such that set A contains 4
elements and set B contains 5 elements, then find the

(1) Total number of functions

(i) Number of injective (one-one) mapping

(i) Number of many-one function

(iv) Number of onto function

(v) Number of into functions

Solution

(1) Total number of functions
Every element in 4 has 5 options for image,
Hence, total number of functions 5*= 625

(i) Number of injective (one-one) mapping.
4 elements in A needs four images
Hence, number of one-one functions = °C , < 41=120

(ii)) Number of many-one functions
Number of many-one mapping
= Total number of mapping — number of one-one mapping
=5*-3C, x4!=505

(iv) Number of onto function =0

(v) Number of into functions = 5*= 625

Example 105 For a real number X, let [x] denote the greatest
integer less than or equal to x.

Letf: R > R be defined as f(x) =2x + [x] + sin X . cos X then
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fis

(A) one-one but not onto
(B) onto but not one-one
(C) both one-one and onto

(D) neither one-one nor onto

Solution (A)

1
Ifx =a, where ‘a’ is an integer then f(a) =2a+a+ 5 sin 2a

) 1
But 1115} fla—h)=2a+(a—1)+ 5 sin 2a

Values between ngg f(a—h) and f(a) are never achieved.

Also, f'(x) =2+ cos 2x >0, i.e., f(x) is strictly increasing.

Example 106 If the following functions are defined from

R to R then identify the function which is bijective ?

—-X

e'+e
2

B) f(x)=x*-3x>+1

(O f(x)=18x>-21x*>+8x—1

(D) fx)=x>—4x>+16x+17

(A) f(x)=

Solution (D)

X -X

e'+e
2
(B) f(x) = x*—3x> + 1 is an even degree polynomial function
(O) f(x)=18x>-21x*+8x— 1
f(x) is an odd degree polynomial function hence its range
isR.
f'(x) =54x>—42x +8
= D>0, hence, it is many one function
(D) f(x)=x*—4x>+16x+ 17
f(x) is an odd degree polynomial function hence its range
R
f'(x)=3x>-8x+ 16
= D <0, hence f(x) is one-one as well as onto

(A) f(x) =

is even function

Example 107 If the function f(x) and g(x) are defined on

R — R such that

{x +3,
f(x)=

L an
4x, X eirrational

X € rational

X+ \/g , X eirrational
g = —X, X € rational

then (f—g) (x) is

(A) one-one and onto

(B) neither one-one nor onto
(C) one-one but not onto
(D) onto but not one-one

Solution (B)

Total Marks 38
1.

We have, (f—g) (x) = (f(x) — g(x))
2x+3, X € rational
~ |3x _JE , X eirrational

SRS

and so on.
= f(x) is many one function

Also —/5 does not belong to the range, because if

3x—5=—/5
x=0¢Q°
= f(x) is into function

DPP 8

Time 30 Minute
Question Number 1, 2, 3,4, 5, 10. Marking Scheme : +3 for
correct answer —1 in all other

cases. [(6.3)=18]
Question Number 6. Marking Scheme : +2 for correct
answer 0 in all other cases. [(3.2)=6]
Question Number 7 . Marking Scheme : +2 for correct
answer 0 in all other cases. [(4.2)=8]
Question Number 8, 9. Marking Scheme : +3 for correct
answer —1 in all other cases. [(2.3)=6]

LetA={-1,1,-2,2}and B= {1,4, 9,16}, f(x) =x>
then prove that f: A — B is many-one.

Consider a function f:Z — Z given by f(x) = [x|.
Deetermine whether f is one-one or many-one.

Iff: X = [1, o) is a function defined as f(x) = 1 + 3x%, find
the super-set of all the sets X such that f(x) is one-one.

Iff: R — R s a function such that f(x) = x> + x>+ 3x + sin x,
then find whether function one-one or onto ?

LetA={x € R|-1<x<1}=B. Showthat f: A— B given
by f(x) =x [x| is a bijection.

Classify the following functions f(x) definzed in R — R as
injective, surjective, both or none.

x>+ 4x + 30
i f(x)= ———
® fx) x> —8x +18

(i) f(x)=(x>+x+5)(x>+x—3)

(i) fi(x)=x3—6x>+11x—6

LetA= {x:—1 < x £ 1} =B beamapping f: A— B. Then,
match the following columns :

Column I Column IT
(Function) (Type of mapping)
p =K a. one-one
¢ fx)=x b. many-one
r. fix)=x c. onto
s. f(x)=[x], where[.]represents d. into

greatest integer function
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t. Al in—
= Sin—
%) 5

x|x|-4 x€Q ) )
8. Iff:R—>R,f(x)= x\x|—x/§ XQEQ,thenldaentlfythe

type of function.

9. IfA={1,2,3,4},B= {1,2,3,4,5,6} andf: A—> Bisan
injective mapping satisfying (i) # 1, then number of such
mappings are :

(A)182 B)181
(©)183 (D) None of these

10. LetA={1,2,3,4}andB={0, 1,2,3,4, 5}. Find the number
of onto functiong,g: B—>A ?

Result Analysis

1. 30to38Marks: Advanced Level.

2. 19to 30 Marks : Mains Level.

3. <19 Marks: Please go through above artical again.

9. FUNCTIONALEQUATION
Functional equation is any equation that specifies a
function in implicit from. Often, the equation relates the
value of a function (or functions) at some point with its
values at other points. For instance, the properties of
functions can be determined by considering the types of
functional equations they satisfy.

A. Functional Equations Satisfied by Typical Functions
f(x +y)=1(x) . f(y) is satisfied by f(x) =a* as f(x + y) = a*”
=a*a'=1(x) . f(y).

L
.

f(x
2. fx-y)= 1®) is satisfied by f(x) = a* as f(x —y) = a*?"

f(y)
_a_f®
a’ f(y)

3. f(x) +f(y) = f(xy) is satisfied by f(x) = log, x as f(x) + {(y)
=log x +log y=log xy=f(xy).

4. fx)—f(y)="° [ij is satisfied by f(x) = log, x as f(x) — f(y)
y

=log, x —log, y = log, LI (E)
y y

5. f(x)f (lj =f(x)+ f(lj is satisfied by polynomial
X X

function f(x)=+x"+1

B. Functional Equations Resulting from Properties of
Functions

1. 0Odd functions having symmetry of graph about the origin

fx)+f{—=x)=0, V x e D;

2. Even functions having symmetry of graph about the y-axis :
fix) =f(—x), V x e D;

3. Symmetry of graph about the point (a, 0) :
fla—x)=-f(a+x)

4. Symmetry of graph about the linex=a: f(a—x) =f(a+x)

Example 108 Let a function f(x) satisfied f(x) + f(2x) + f(2 —x) +
f(1 +x)=x VX € R. Then find the value of f(0).
Solution f(x) + f(2x) + f(2 —x) + f(1 +x) =x
Put x=0.Then
f(0)+f(0)+f(2)+f(1)=0
or 2f(0)+f(1)+£(2)=0 (i)
Put x=1. Then,
f()+f(2)+f(1)+f(2)=1
f(1)+f(2)=1/2
So, form (i)
2f(0)+1/2=0
f(0)=-1/4

Example 109 Let f(x)=x+f(x—1) for V x € R. Iff(0)=1, find
f(100).
Solution Given f(x) =x + f(x— 1) and f(0)= 1
Put x=1. Then,
f(1)=1+1f0)=2
Put x=2. Then,
f2)=2+1f(1)=4
Put x=3. Then,
f3)=3+1f(2)=7
Thus, f(0), (1), f(2),... formaseries 1,2,4,7,...
Let S=1+2+4+7+...+f(n-1)
S=1+2+4+..+fn-2)+f(n-1)
Substracting, we get
0=(1+1+2+3+....+nterms)—f(n—1)

fin—1)=1+ @
(100)=5051

Example 110 Let / be a function such that f(3) = 1 and
f(3x)=x+f(3x—3) for all x. Then find the value of f(300).
Solution f(3)=1
Put x=2
f(6)=2+1(3)
fl6)=2+1=3
Put x=3
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f(9)=3 +1(6)
=3+3=6
Put x=4
f(12)=4+1(9)
=4+6
f(12)=10
f(300)=1(3 x 100)
So, 100th term of series will be
S=1+3+6+10+15+........ a
S=1+3+6+10+........ a
=1+2+3+4+.... 100

100x101
A100~

2109

=5050 =£(300)

Example 111 Consider a real-valued function f(x) satisfying
2f(xy) = (f(x)) + (f(y))* VX,y R and f(1) = a, where

a # 1. Prove that (a—1) Zf(i) =a""-a
=1
Solution We have, 2f(xy) = (f(x))* + (f(y))*.
Replacing y by 1, we get
2f(x) =f(x) + (f(1))* or f(x) =a*

n
D f()=a+a’+..+a" =
i=1

or (a- 1)zn: fi)=a"" -

Example 112 Let f be a function satisfying of x. Then, f(xy)

f(x
= (y ) for all positive real numbers x and y. Iff(30) =20,

then find the value of f(40).

Solution Given f(xy) = m
y
f(
or f(y)= o] (putting x=1)
y
fa
or f(30)= 3(0)
or f(1)=30x1f(30)=30x20=600
f(1) 600
f(40)= — ( ) =——=15
40 40

Example 113 If f : R — R is an odd function such that
a fl+x)=1+1x)

b. xzf(lJ:f(x), x#0
X

then find f(x).

Solution xzf(lj =f(x), x=0
X

Replacing x by x + 1. Then,

1
(x+1) f( ix j fix+1)
f( 1 j_1+f(x) _
1+x) (I+x) (1)
( J (1-—J
I+x
=1-f ( j (" f(x)is odd)
M f(x)j )
From (i) and (ii),

1+f(x)_l_( X J2(1+f(x)j
(1+x)’ - 1+x x

or 1+fx)=(1+x)\>-x*—1f(x)
or f(x)=x

=1-

(%
(i
G

Example 114 Let f : R® — R be a function which satisfies

f(x). fly)= f(xy)+2{—+}1,+lj forx,y>0

Then find f(x).
Solution Putx=1andy=1.
Then,
(1) -1f(1)-6=0
ie., f(1)=3orf(l1)=-2
Now, puty=1.

Then, f(x).f(1)=1f(x)+2 (lJrzj _f(x)+2(2x+1j
X X

2(2x+1)
or fx)[(1)-1]=—"
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| 202x+1)

x[f(1)-1]
For f(1)=3.

or f(x)

2x+1

f(x)= and forx =-2.

X
2(2x +1)

-3x
Example 115 If f(x +y) =f(x) . f(y) for all real x, y and f(0) # 0,

f(x)
L+ {f ()}

f(x)=

then prove that the function g(x) =

is an even function.
Solution : Given f(x +y) =f(x) . f(y). Putx=y=0. Then f(0)=1.
Put y=-x. Then

1
£(0) = f(x) f(-x) or f(-x) =

£(x)
)
Now, g(x)= I+ ()]
b
L fex) fx)  fx)
&( X)_1+{f(‘x)}2_1+ 1 —H{f(x)}z—g(x)
{f(x)}’

X

a
Example 116 If f(x) = 21 a (a>0), then find the value of

2n-1 2f r
Sor(50)

a
Solution f(x) = 2 2

. - al—x al - \/5
= ( 7X)_ al—x+\/§ al+\/gax \/;_"_ax
= fx)+f(1-x)=1

Also, f(lj = 1
2) 2

2n-1 r
= 2f| —
5ar()

(o))
+f (%) +f [nz—?j +
(%) J

U

JGp o2

=2[1+1+1+...+(m-1)times]+1
=2n-1

DPP9
Total Marks 30 Time 30 Minute
1. Question Number 1 to 10 . Marking Scheme : +3 for correct
answer 0 in all other cases. [(10.3)=30]
1. The function f(x) is defined for all real x. If f(a + b) = f (ab)

V/ aandband f(—%j = —%, then find the value of f{(1005).
2. If f(x) is a polynomial function satisfying
f(x).f(lj:f(x)+f(l) and f(4) = 65, then find f(6).
X X

3. Let f be a real-valued function such that

2002
X

f(x) +2f ( j = 3x Then find f(x).

4. A continuous function f(x) on R — R satisfies the relation
f(x) + f(2x +y) + 5xy=1(3x —y) +2x*>+ 1 for ¥ x,y € R.
Then find f(x).

5. Provethat f(x) givenby f(x +y)=1f(x) + f(y) V x € Risan
odd function.

X

9% +3°

6. Letf(x)= Show f(x) + f(1 —x) =1 and, hence, evalute
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f( ! )+f( 2 j+f( 3 J+ +f(—1995j

1996 1996 1996 1996

7. A real valued function f(x) satisfies the functional
equation f(x —y) = f(x) f(y) — f(a— x) f(a + y) where ‘a’ is a
given constant and f(0) = 1, f(2a—x) is equal to :
(A)—(x) B)fx)
(O f(a) + fa—x) D) f=)

8. The function f(x) satisfy the equation f(1 — x) + 2f(x)
=3x Vx eR,thenf(0)=
(A)-2 B)-1
©0 D)1

9. Suppose f is areal function satisfying f(x + f(x)) =4 f(x) and
f(1)=4.Find the value of f(21).

10. f(x)+3xf(l):2(x+l) Vx> 0.Find f(10099)
X

Result Analysis

1. 24to30Marks: Advanced Level.

2. 15to 23 Marks : Mains Level.

3. <15Marks: Please go through above artical again.

10. COMPOSITE FUNCTION
Let A, B and C be three non-empty sets.
Letf: A— Band g: B — C be two functions. Then gof:
A — C. This function is called the composition of fand g
and is given by

gof(x)=g(f(x)) V x € A

Thus, the image of every x € A under the function gof is
the g-image of the f-image of x.
The gofisdefined only if V x € A, f(x) is an element of the
domain of g so that we can take its g-image.
The range of f must be a subset of the domain of g in gof.

A B C

gof
Properties of Composite Functions :

1. The composition of functions is not commutative in
general, i.e., fog # gof.

2. The composition of functions is associative, i.e,ifh: A —
B,g:B — C, and f: C — D be three functions, then
(fog)oh = fo(goh).

3. The composition of any function with the identity func-
tion is the function itself, i.e., if : A— B, then fol, =1, of
= f, where I, and I are the identity functions of A and B,
respectively.

4. Iff:A—Bandg:B — Care one-one, then gof: A— C
is also one-one.

Proof  Suppose gof(x,) = gof(x,)
or g(fix)=g(f(x)
or f{x)=1fx,) (As g is one-one)
or X=X,
Hence, gof is one-one.

5. Iff:A—>Bandg:B — Care onto, then gof: A— Cisalso
onto.

(As fis one-one)

Proof Given an arbitrary element z € C, there exists a pre-
image y of z under g such that g(y) = z, since g is onto.
Further, for y € B, there exists an element x in A with
f(x) =Yy, since f'is onto.

Therefore, gof(x) = g(f(x)) = g(y) = z, showing that gof'is
onto.

6. If gof(x) is one-one, then f(X) is necessarily one-one but
g(x) may not be one-one.

Consider the functions f(x) and g(x) as shown in the fol-
lowing figure.

X . N
3 3
4 4
Z [ —
(a) (b)

Here, fis one-one, but g is many-one. But g(f(x)) : {(1, 1),
(2,2),(3,3),(4,4)} is one-one.

7. If gof(x) is onto, then g(x) is necessarily onto but f(x) may
not be onto.

A ; B B ; C
(a) (b)
Here, fis into and g is onto. But gof (x) : {(1, 1), (2, 2), (3, 3),
(4,3)} is onto.

Thus, it can be verified in general that gof is one-one
implies fis one-one. Similarly, gofis onto implies g is onto.

Example 117 Letf: {2,3,4,5} = {3,4,5, 9}and g: {3,4,5,9}

— {7, 11, 15} be functions defined as f(2) =3, {(3) =4, {(4)
=1(5)=5,g(3)=g(4)=7,and g(5)=g(9) =11. Find gof.
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Solution we have gof (2) = g(f(2)) =g(3) =7, gof(3) = g(f(3)) =
g(4)=17, gof(4)=g(f(4))=g(5)=11 and gof(5) =g(5)=11.

Example 118 Let f(x) and g(x) be bijective functions where
f:{a,b,c, d} = {1,2,3,4}andg: {3,4,5, 6} => {W,X, y,
z}, respectively. Then, find the number of elements in the
range of g(f(x)).

Solution The range of f(x) for which g(f(x)) is defined as {3, 4}.
Hence, the domain of g{f(x)} has two elements.
Therefore, the range of g(f(x)) also has two elements.

Example 119 Suppose that g(x)=1+ Jx and flg(x))=3+2 Jx +
x. Then find the function f(x).

Solution:g(x):1+\/; and f(g(x)):3+2\/; +x  ...()
f1+x)=3+2 Jx +x

Put 1+ vx =yorx=(y—1)2. Then,

fly)=3+2(y-1)+(y—1)*=2+y.
flx)=2+x*

Example 120 The function f(x) is defined in [0, 1]. Find the
domain of f(tan x).
Solution : Here, f(x) is defined in [0, 1]
So, x € [0 ,1], i.e., the only value of x that we can
substitute lies in [0, 1]
For f(tan x) to be defined, we must have

0<tanx <1 [As x is replaced by tan x]

. T
e, nT < x < nw+ Z’HEZ

Thus, the domain of f(tan x) is

[nn, nn+%},n ez

x+1, x<0
x%, x>0

x>, x<l1

Example 121 f(x):{ 2x -1, x>1

and g(x)=

Then, find f(g(x)) and find its domain and range.
Solution In such kind of questions follow this general procedure.
Step 1 : To find f(g(x)) replace ‘x’ by g(x), in the defination of
f(x), here it becomes

x+1, x<0

f(x)={xz D x>0 X —g(x)

g(x)+1, g(x)<0
f(g(")):{(g@))Z, e(x)>0

Step 2 : Now draw graph of g(x). If we have to find g(f(x)) then
draw graph at f(x).

_xr, o x<1
here, 8() =15y _1 x>1
y =g
g(x)=2x-1
1
< 0 i > X
g(x)=x'
v

Step 3 : Now see the inverse for which composite funciton is
defined. Here we can see

[g(0+] gx)<0
f(g00)= {(g(x))z . 200

Here the intervals are (i) g(x) <0 (i) g(x)=0

Step 4 : (i) First interval is g(x) < 0. Now see graph of g(x) in
Step - 2, Now down all possible equation of g(x) and corre-
sponding values of ‘x” for which g(x) <0 ;
there is only one equation i.e., g(x) =x3,x <0
Substitute this in f(g(x)) so it becomes

g(x)+1, g(x)<0
f(g(")):{(gm)i e(x)>0

x> +1, x<0

= f(g(x)):{(g(x»z, £(x) >0

(i) Now see second interval i.e., g(x) = 0 and follow the same
procedure (Step - 4). Now there are two possibilities for
gx)

_) X3, 0<x<l1
g(x)_{Zx—l, x>1

Substitute this in f(g(x))

x*+1 x<0
(x’) 0<x<l

f(g(x))=
2x-1* x21

X’ +1 x<0
f(g(x))z x° 0<x<l
2x-1?* x21

Example 122 f(x) ={2j)1§’ _2153552. Find domain and
range of f(f(x)).
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I+x —-1<x<2

Solution f(x)= 4-x 2<x<5

Fx)+1 —1<f(x)<2
e =500 255

Domain = [-1, 5]
Range = [0, 3]

4-(x+1) 1<xZ2

2<x<5

(x+1+1) -1<x<1
f(x)=
4-x+1

x+2 -1<x<1
fof =¢{—x+3 1<x<2
5-x 2<x<5

Example 123 Let f(x) =L2, then fofofo......of (x) is:

1 +X n times

X
B) 7+

1+[erx2 1+ Y1 [x?
r=1

r=1

I/
M=
~—

of x ) oy %
<){ T] o
Solution f(x) = \/117

f(x) X

f(f(X)): \/l—i-(f(x))z = \/1+2X2

Example 124 If f(x) = x> — 2x then find the Number of distinct
real ¢ satisfying f(f(f(f(c))))=3
Solution Given f(x) =x?—2x
let f(f(f(c))) =0
f(0)=3
02-20=3 = 0=3,-1

let f(f(c))=a
fla)=3,-1
o?-2a=3, ®*-20.=-1
a=3,-1 a=1

So, a=3,-1,1
ffc))=3,-1, 1
let flc)=p

f(B):3,—l,l:> B2—2[323,—1,1
B:3371>1a1+ \/5,1*\/5
flc)=3,-1,1,1+~/2,1-+/2

JIdd 4
Numberof 2 1 2 2 2
solution
Total number of solution 9
Example 125 f(x)=— f(f(f..f(x)))= {-x}
(1 _ Xzou)m
fis written 2013 times. Then find the no. of solutions of x.

1

2011 2011
V1-x

Solution f(x) =

1 oo
fof(x) = I_W ;x#0

1
(1 _ X2011 )m
-X
fofof(x) =x
It repeats in a cycle of 3
So, fofof....2013 times =x

= x={x}
1
= x=0& x= 5 (where x # 0 because of domain)

Required answer x = 1/2.

11. HOMOGENEOUS FUNCTIONS
A function is said to be homogeneous with respect to any
set of variable when each of its terms is of the same degree
with respect to those variables.
For examples 5x*> + 3y® — xy is homogenous in x & y.
Symbolically if, f(tx, ty) = t" f(x, y) then f(X, y) is homoge-
neous function of degree n.

Example 126 f(x, y) = 4x> + y?check it is homogeneous or not ?
Solution f(x, y) = 4x>+y?
Put x=txandy =ty
f(tx, ty) = 4(x)* + (ty)?
f(tx, ty) = 4t°x* + t2y?
f(tx, ty) = t2(4x>+ y?)
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4x2+y?isf(x,y)
f(tx, ty) = t*f(x, y)

Hence, f(x, y) is homogeneous function with degree 2.
Example 127 f(x, y) = x>+ y?, check it is homogeneous or not ?
Solution f(x, y) =x*+y?

Put x=tx and y=ty

f(tx, ty) = (x)* + (ty)?
f(tx, ty) = x> + t2y?
f(tx, ty) = t3(tx* + y?)
But tx* +y?is NOT f(x, y).
So f(x,y)is NOT homogeneous.

Example 128 Which of the following function is not
homogeneous ?

(A) X’ +8x’y+ 7y (B)y*+x*+5xy
Xy 2x—y+1
© Ay (D) 2y—x+1

Solution Here in above option we check the degree of each
term in the equation.
Option (A), (B) & (C) has same degree in each term.
But in option (D) the degree of each term is not same.
So, option (D) is correct.

Example 129 Prove that the following function is homoge-

7
X
neous function of degree 6 : x?y* + x%y* — 7

7
X
Solution Let f(x, y) = x*y* + X’y — ?

Put x=txandy =ty

(tx)
fltx, ) = ()7 ()" + (80 (i)' =~
7.7
:t2X2k24y4:t3X3k3y3* t X
ty
6.7

t'x

=tox%y* + tox’y’ —

;
X
“HOY XY =)

Therefore, f(tx, ty) =t*f(x, y)

BOUNDED FUNCTION

A function is said to be bounded if |f(x)| < M, where M is
a finite quantity.
These are the following examples of the bounded function

Function Range Bounded
sin x [-1,1] Yes

cos X [-1,1] Yes
tan x R No
cosec x R-(-1,1) No
secx R-(-1,1) No
cotx R No
e* (0,0) No
logx R No
[x] I No
{x} [0,1) Yes
sgn (X) {-1,0,1} Yes

12. IMPLICIT & EXPLICIT FUNCTION

A. Implicit function : A function y = f(x) is said to be an
implicit function of x if y cannot be written in terms of x
only. For example

(i) ax?+2hxy+by’+2gx+2fy+c=0

(i) xy=sin(x+y).

B. Explicit Function : A function y = f(x) is said to be an
explicit function of x if the dependent variable y can be
expressed in terms of the independent variable x only. For
example,

() y=x-cosx (i) y=x+log x—2x".

Iustration 130 Which of the following function is implicit
function ?

(A)y=x2 (B)xy—sin(x+y)=0

x*logx

sinx

Solution It is clear that in (B) y is not clearly expressed in x.

13. ODDAND EVEN FUNCTION

A. EvenFunction
A function y = f(x) is said to be an even function if
filx)=f(x) V x € D,
The graph of an even function y = f(x) is symmetrical about
the y-axis, i.e., if point (X, y) lies on the graph, then (—x, y)
also lies on the graph.

Y
y
y = x|
y=Xx
45" WA45'

, \\ X X

X o | X o) |

(a) (b)

B. Odd Function
A function y = f(x) is said to be an odd function if

flx)=-f(x) V x € D,

49



FUNCTION

The graph of an odd function y = f(x) is symmetrical in
opposite quadrants, i.e., if point (X, y) lies on the graph,
then (—x, —y) also lies on the graph.

Properties of Odd and Even Function
1. Sometimes, it is easy to prove that f(x) — f(—x) = 0 for even
functions and f(x) + f(—x) = 0 for odd functions.

A function can be either even or odd or neither.
Any function (not necessarily even or odd) can be

expressed as a sum of even and an odd function, i.e.,

f(x) = (f(x) +2f(_X)j +(f(x) - f(—x)j

2

Let h(X) = (WJ and g(x) = (WJ

It can now be easily shown that h(x) is even and g(x) is
odd.

4. The first derivative of an even function is an odd function

and vice versa.

5. f(x) =0 is the only function which is defined on the entire

number line and is even and odd at the same time.

6. Every even function y = f(x) is many-one forall x € D..

Example 131 Which of the following functions is (are) even,
odd or neither ?
a.  f(x)=x’sinx

h. f(x):\/l—i-x+x2 —\/1—x+x2

c. f(x):log(;ij

Solution
a  f(—x)=(—x)?sin (x) =—x?sin x = —f(x)
Hence, f(x)is odd.

b £(=x) = 1+ (=X) + (=x)? = /1= (=X) +(—x)’

:\/l—x—i-x2 —\/14-)(4-)(2
=—f{x)
Hence, f(x) is odd.

—x) = logd T e[ LHX
c. f( x)—log{1+(_x)} log(l_xj

=—f{x)
Hence, f(s) is odd

Example 132 If f(x) = (h (x) —h, (%)) (h,(x) —h, (%)) ... (h, . (X)
—h, , (-x)) and f(200) = 0, then prove that f(x) is a many-
one function.

Solution : f{x) = (h,(x) —h,(-x)) (h,(x) ~h,(x)) .... (h, . (x)~h, |
()

) = (1) () = ~f(x)
or f(x)+f{—x)=0
So, f(x)isodd. Therefore,
f(—200)=-f(200)=0
So, f(x)is many-one.

Example 133 Find whether the given function is even or odd :

X(sinx + tanx
£ = (x+7t 1 : :
e

teger function.

where [ | denotes the greatest in-

x(sinx +tanx) x(sinx +tanx)

[x+n} 1 [x} 1
I - +1_7
T 2 T 2

Solution f(x)=

x(sinx + tan x)

f(x) g(x) fix) + g(x) fix) — g(x) fix) g(x) fix)/g(x) | fog(x) =
Even Even Even Even Even Even Even |:X:| + 0 5
Even Odd Neither even Neither even Odd Odd Even s
nor Odd nor Odd
Odd Even Neither even Neither even Odd Odd Even
nor Odd nor Odd
Odd Odd Odd Odd Even Even Odd
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—x{sin(—x) + tan(—x)}
[—X} +0.5
T

X(sin x + tan x)
—————, X#07
_ —1—["}0.5
T

= f(—x)=

0, X =N7

x(sin X + tan x)
[X} +0.5
T
flx)=-f(x)

Hence, f(x) is an odd function ifx # nmand f(x)=0ifx=nx
is both even and odd function.

Hence, f(—x)=- and f(-x)=0

Example 134 Determine the nature of the following
functions for even and odd :

X

i) f(x)= x[a !
a* +1

J (i) f(x)=sinx+cosx

(i) f{x)=x*~[x]
Solution

() We have, f(x)= x[ax _lj

a*+1

—r
i)
= —X
I+a*
- x(ax _1J:f(x)
a* +1

So, f(x) is an even function.
(i) We have,
f(x) =sinx+ cos x
= f(—x) =sin(—x) + cos (-x)
=—sinX + cos X
Clearly, —sin x + cos x is neither equal to f(x) nor equal to —
fx).
So, f(x) is neither even nor odd.
(iii) We have,
f(x)=x>—[x|
= (%) =)~ |x[=x* x| =f{x)
So, f(x) is an even function.

Example 135 Let f, g be two functions. Then prove that

(1 fiseven, giseven

@) fisodd, gisodd

(ii)) fis even, g is odd

(iv) fis odd, gis even
Solution

fog is an even function
fog is an odd function

fog is an even function
fog is an even function

[ giseven .. g(—x)=g(x)]

(1) We have,
(fog) (—x) = f(g(—x))
=f(g(x))
=fog(x) forall x

fog is an even function
(i) We have,
(fog) (—x) =1(g(—x))

=1f{—g(x)) [
=—f(g(x))
=—fog(x) forallx

fog is an odd function.
(iii) We have,
fog (—x) = f(g(—x))

=f(-g(x)) [~

=1f{g(x))
=fog(x) forallx.
fog is an even function.

(iv) We have,
fog(—x) = f{g(-x))
=1f{g(x))
=fog (X)
fog is an even function.

s gisodd = g(—=x)=—gx)]

[ fisodd]

s gisodd ... g(—x)=—g(x)]
[ fiseven .. f(—g(x))=1(g(x))]

[~ giseven .. g(—x)=g(x)]

Example 136 Find out whether the following function is even

or odd.
x|x| ,
f(x)=q[1+x]+[1-x],
_X|X| >
Solution We have,
X|x|
f(x)=<[1+x]+[1-x]
x| x|
= f(x)=¢1+[x]+1+[—x]
_X2 ,
= f(x)=<92+[x]+[—x] ,
2
—x ,

x<-1
-l<x<l1

x>1

, x<-1
, —l<x<l
, x>1

, x<-1
, —l<x<l1
s x>1

C[+x]=[x]+1
T-x]=[-x]+1

x<-1
-l1<x<l
x>1
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-x2, x<-1
, —1<x<0

= fx)=¢ 2 , x=0
, O0<x<l1

-x? x>1

cx]+[—x]=-1if xgZ
[x]+[-x]=0,if xeZ
It is evident from the definition of the function n or its
graph that f(x) is an even function.

DPP 10

Total Marks 32 Time 30 Minute

1. Question Number 1, 3,4, 5, 6. Marking Scheme : +3 for
correct answer 0 in all other cases.[(5.3)=15]

2. Question Number 8. Marking Scheme : +3 for correct
answer —1 in all other cases. [(1.3)=3]

3. Question Number 2. Marking Scheme : +6 for correct
answer 0 in all other cases.[(2.3)=0]

4. Question Number 7. Marking Scheme : +8 for correct
answer 0 in all other cases. [(4.2)=8]

1. Letf(x)=ax+bandg(x)=cx+d,a # 0c # 0. Assumea=
1,b=2. If (fog) (x) = (gof) (x) for all x, what can you say
about cand d ?

2 Which of the following functions is (are) even, odd or
neither ?

i fx)= 10g(x +41+x° ) (i) f(x)=sinx-cosx
(i) £(x)= S22
2

3 Check whether the function
h(x) = (\/ sinx —+/tan x)(\/ sinx ++/tan x ) is whether odd
or even.

4. [Iffis aneven function defined on the interval [-5, 5], then
find the real values of x satisfying the equation
f(x):f(XHj.

X+2
5. Determine the nature of the function in terms of odd and
even.
f(x) =sin (log (x + Vx> +1)).
6. Letf:R — R bea function given by
fix+y)+f(x—y)=2f(x) f(y) forallx,y € R
and f(0) # 0. Prove that f(x) is an even function. What can
be said about f(x) if f(0)=0?
7. Find whether the following functions are even or odd or

none :

M fx)=

Tyl 0= (1)
e —1 2

1+2*)2

(i) fx)= " ’

(iv) f(x) =x sin?x —x

x—3

8. Letf(x)= , X #—1. Then 2°1° (2014) [where f(x) =

X+1

n times
(A)2010 (B)4020
(C)4028 (D)2014
Result Analysis

1. 25to32 Marks: Advanced Level.
2. 17to 25 Marks : Mains Level.
3. <17 Marks : Please go through above artical again.

14. INVERSE OFAFUNCTION:
Let f: A — B be a one-one & onto function, then their
exists a unique function g : B — A such that
fx)=y < g(y)=x, V xe A&y € B.
Then g is said to be inverse of f.
Thus g=f":B — A= {(f(x), X)) [(x, f(x)) € f}.

B B " A
£ f

\

| |

/] .\ /] .\
(a) (b)

Properties of Inverse Functions :

1. The inverse of bijective function is unique and bijective.

2. Letf:A— B be a function such that f'is bijective and g :
B — Ais inverse of f. Then fog = I, = identity function of
set B. Then gof = I, = identity function of set A.

3. Iffog=gof, then either f'=gor g =fand fog (x) = gof (x)
=X.

4. [Iffand g are two bijective functions such that f : A - B
and g: B — C, then gof: A — C is bijective.
Also, (gof)'=flog™.

5. Graphs of y = f(x) and y = f!(x) are symmetrical about
y = x and to solve equation like
f(x) = f'(x), you may solve f(x) = x instand of solving
f(x)=f"(x).
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(0)
6. sometimes the solution of f(x) = f!(x) may not lie on line y =x

Example 137 Which of the following functions has inverse
function ?

a. f:Z—>Zdefinedbyf(x)=x+2

b. f:Z— Zdefined by f(x) =2x

Solution Functions in option (a) is one-one and has range Z,
1.e., onto. Hence, it is invertible.
f: Z — Z defined by f(x) = 2x is one-one but has only even
integers in the range.
Hence, it is not onto.

Example 138 LetA=R - {3},B=R-{1},andletf:A—> Bbe
defined by f(x)= X—_i . Isinvertible ? Explain
X —

Solution Let x,x, € Aand let f(x ) =f(x,)

X, =2 Xx,-2

o x, -3 x,-3
or xx,—3x,—2x,+6
=xX,—3%x,-2x,+6
or X =X,
So, fis one-one.
To find whether fis onto or not, first let us find the range

of f.
x—2
x-3
or xy—-3y=x-2
or x(y—1)=3y-2

Let y=1(x)=

‘= 3y-2

y-1
x is defined ify # 1, i.e., the range of fis R — {1} which is
also the co-domain of f.

or

So, function is invertible

Example 139 If f(x) = (ax* + b)*, then find the function g such
that f{g(x)) = g(f(x)).
Solution : f(g(x)) = g(f(x))
f(x)=(ax’+b)’
If g(x)=f"(x),then

y=(ac+by
3 _ b
or =X
a

1/3
-b
or g(X)=,/x :

Example 140 Find the inverse of f(x) =

x , x<I1
x? ,1<x<4

8Jx » x>4

x , x<I1
Solution Given f(x)=1 X’ ,1<x<4

8Jx » x>4

Let f(x)=y
or x=f1(y) (i)
y o, y<l Y., y<l
Jy L1y <4a =1y, ,1<y<i6
v /64,y /64>4 |y /64, y>16
y , y<l
fl(y)=1 fy ,1<y<l16
y' /64, y>16
X x<1

>

Hence, f'(x)=4 +x ,1<x<16
x?/64, x>16

Example 141 Solve the equation x’ —x+1=%+ fx—%,

where x > i
4

Solution f(x) =x*—x+ 1 and g(x) = %+ . ’x —% are inverse of

one another.

So, f(x) = g(x).

When f(x)=x,
xX—-x+1=x
x2-2x+1=0
x-1)*=0
x=1

Example 142 Show that the function f: R — {0} =& R — {0}

k
given by f(x)=—, where k is a non-zero real number, is
X

inverse of itself.

k
Solution Clearly, f: R— {0} — R — {0} given by f(x) = < isa

53



FUNCTION

bijection and hence it is invertible.

Let f(x)=y
Then, f(x)=y
k k
= —=y = x=—
X y
- k
= fiy=S =%
y X

Hence, f(x) = f1(x) i.e., f(x) is inverse of itself.

x+4 1<x<2
Example 143 Letf(x)= {7_y 5<x<6

Find number of solution of f(x) = f!(x)

_ -4 5<x<6
Solutionfl(x):{);—x IS)):S2

Draw graph of f(x) and f!(x)

y
A
6 f(x)
5 1
. £
3
f'(x
5 (x)
| fx)
0 132 3 4 516 > X
2 2

Clearly both the solutions x = 3/2 and x = 11/2 is not lying

onliney=x

Reason : If (a, b) lies on f(x) where a # b then if (b, a) also lies
on f(x) then all solutions of f(x) = f!(x) will not lie on y = x.

Example 144 f(x) = 1 — x°, Find number of solution of

fx)=f"(x)

Solution f(x) =1 —x*
= y=1-x =
= fx)=(01-x)"

X=l-y = x=(1-y)»

lim f(x)=—o and lim fx)= o0
n—>-w

n—oo
Now, f'(x) =-3x>
pa 1 ~
~ T Cd
—o0 -ve (¢ —ve @ ®

Sign scheme of '(x)
At x =0 we get point of inflection
f''(x) =—6x
on xe(-»,0 = {'"x)>0
= f"x)<0

= concave up
on x € (0,0)

S (=31

& 1 S
< T rd
o0

-0 -ve 1 -ve

Sign scheme of (f!(x))'

= concave down

15.

()" :
)= ——
9(1-x)>"?
on xe(-o,1) = {"(x)<0 = concave down
on xe(1,0) = f"x)>0 = concave up

1
FO=0,  (FO)="7
(F'(1)=0

y =1(x)

fi(1)=-3,

o f‘(x;m

Total solutions = 5

PERIODIC FUNCTION

Periodic Functions
A function f(x) is said to be a periodic function if there
exists a positive real number T such that

f(x+T)=1(x) forallx € R.
We know that

sin (x +271) =sin (x + 47m) =... =sin x
and,cos (x +2m)=cos (x +4m)=...=cosx forallx € R.
Therefore, sin x and cos x are periodic functions.

Period of Function

If f(x) is periodic function, then the smallest positive real
number T is called the period or fundamental period of
function f(x) if

flx+T)=f(x) forallx € R.
In order to check the periodicity of a function f(x), we
follow the following algorithm.

Important facts about periodic function

1.

If f(x) is a periodic function with periodic T and a,b € R
such that a # 0, then af (x) + b is periodic with period T.
If f(x) is a periodic function with period T and a, b € R
such thata # 0, then f(ax + b) is periodic with period T/[a|.
Let f(x) and g(x) be two periodic functions such that :

m
Period of f(x) = —, where m,n € N and m, n are co-prime.
n

and,

r
Period of g(x) = 5 wherer € Nands € N are co-prime

Then, (f+ g) (x) is periodic with period T given by
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T LCM of (m, r)
HCF of (m, s)
Provided that there does not exist a positive number k <T

for which f(k + x) = g(x) and g(k + x) = f(x), else k will be the
period of (f+ g) (x).

. . f
The above result is also true for functions —, f—gand fg.
g

4. A constant function is periodic but does not have a well-
defined period.

5. Ifgisperiodic, then fog will always be a periodic function.
The period of fog may not be period of g.

6. A continuous periodic function is bounded.

7. Iff(x) and g(x) are periodic functions with periods T and
T,, respectively, then h(x) = f(x) + g(x) has period as

(@ LCMof {T,T,} ;if f(x) and g(x) cannot be interchanged
by adding a least positive number less than the LCM of
{T,T,}.

(b) k;if f(x) and g(x) can be interchanged by adding a least
positive number k (k <LCM of {T, T_}).

For example, consider the function f(x) = |sin x| + |cos X|.
Now, [sin x| and |cos x| have period 7. Hence, according to
the rule of LCM, the period of f(x) is 7. but

b . b o
f| x+—=|=|sin| x +— cos| X +—
( 2j ( 2) ( 2)‘

=/cosX |+|sinx|

+

Hence, the period of f(x) is /2.

Some Important Points To Remember
(1) sin" X, cos" X, sec" X, cosec” x are periodic functions with
period 27 and 7 according as n is odd or even.

(i) tan"x, cot"x are periodic functions with period © whether
n is even or odd.

(ii)) |sinx],|cos x|, [tan x|, |cot x|, |sec x|, |cosec x| are periodic with
period 7.

(iv) |sin x|+ |cos x|, [tan x| + |cot x|, |sec x| + |cosec x| are periodic
with period m/2.

(v) sin'(sinx), cos™ (cos x), cosec™ (cosec x), sec™! (sec x) are
periodic with period 27t whereas tan™' (tan x) and cot™ (cot
x) are periodic with period T.

Example 145 Find the periods (if periodic) of the following
functions ([.] denotes the greatest integer function).

a.  f(x)=en9+tan’ x — cosec(3x - 5)

b. f(x)=x—[x-b],b€R

c¢. f(x)= tang[x]

Solution
a.  f(x)=e e+ tan’ x — cosec(3x — 5)
The period of ee¢n® jg 27, of tan® x is m, and of

. 2:m
cosec (3x—15)1is ES So,

. 27
Period =LCM of {271, T, ?} =2r

b fx)=x-[x-b]=b+ {x—b}
So, f(x) has period 1.

(*." Periodof {.} is 1)
i
. f(x)=tan—
c. f(x anz[x]
tan = [x+T] = tan—
or anz[x ] anz[x]

i T
or —[x+T]=nmt+ —[x
2 [x+T] 2 (x]
or Period =2 (Least positive value)
Example 146 If f(x) = sin x + cos ax is a periodic function, show
that a is a rational number.
2n

2n
Solution : Period of sinx =21 = T and period of cos ax = ——

a

. . 21 2n
Period of sin x + cos ax = LCM of T and —

la]

LCMOf21tand2Tc_2_7t
" HCFoflanda A

where A is the HCF of 1 and a.

1
Since A is the HCF of 1 and a, X and % should both be

integers.

1 |a|
Suppose —=p and — =(. Then,
pp x p 2 q

L:ﬂ, wherep,q € Z
p

ie, |aj=3

Hence, a is the rational number.
Example 147 For what integral value of n is 31 the period of

5
the function cos (nx) sin (—Xj ?
n

Solution : Let f(x) = cos nx sin (S—X) . f(x) beperiodic. Then,
n

f(x + L) =f(x), where A is period
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. [ 5x+5A . [ 5x
or cos (nx+nA)sin = Cos nx sin| —
n n

At x=0,
cos n\ sin (&j =0
n

If cosnA =0, then

n?»:rn+£,rel
2

T
or n(3m)=rw+ 3

1
or 3n-r= 7 (Impossible)

2

5
Again, let sin (_nj =0.
n

5K
Then, —=pn (pe)
n
5Gm) _ pr
n
15
or n=—
p

For p= *1, £3, £5, £ 15, we have, respectively,
n==x15, £5, £3, £1

Example 148 Let fbe a real valued function defined for all real
numbers x such that for some fixed a >0,

f(x+a)= ! +\/f(x)—{f(x)}2

T2
Show that the function f(x) is periodic with period 2a.

Solution We have, f(x +a) = % +f(x) - {f(x)}*

f(x+a+a):%+\/f(x+a)—{f(x+a)}2

for all x.

= f(x+2a):%+\/f(x+a){l—f(x+a)}

F(x +2a) =1 +\/{%+«/f(x)—{f(x)}2 H

2

VIO~ ()} }

1
2

= f(x+2a):%+\/i—{f(X)—{f(X)}z}

= f(x+2a) :%+ \/%—f(x)+ )}’

= f(x+2a)= %+ {f(x) —%}

1
= f(x+2a)=—+|f(x)——
( )2 ()2

)
= f(x+2a)—l+f(x)—l
2 2

= f(x+2a)=1(x)
Hence, f(x) is a periodic function with period 2a.

for all x.

Example 149 Find the period of function
. X . X X X X
f{x)=sinx +tan—+sin—+tan—+....+sin—+tan—.
2 2 2 2" 2"

Solution : We have,

N X X
f(x)= E (sinr——i-tan—rj
p_— 2! 2

N .X X
= Zfr(x)’ where f(x) = sin— +tan—
r=1 r 2 2
Since each of and tanT
with period 2" 7.
But, . Therefore, f(x) is periodic with period
T=21

Example 150 Find the period of f(x) = 5 sin 3x — 7 sin 8x.
Solution : We observe that :

Period of 5 sin 3x is D

Period of 7 sin 8x is

Period of f(x) =

Example 151 Find the period of the function

f(X) = ex—[x] + [cos x| + |cos 27x| + ... + [cos n7x|

Solution : We observe that
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Period of x—[x] is 1

Period of |cos x| is

Period of |cos 27x] is
Period of |cos 37tx] is

Finally, Period of |cos nTtx| =

Period of f(x) = LCM of’

Period of f(x) =

Period of

Example 152 Let f(x) be periodic and k be a positive real num-
ber such that f(x + k) + f(x) = 0 for all x| _|R. Prove that f(x)
is periodic with period 2k.

Solution : We have f(x +k) + f(x)=0 E
or f(x+k)=-f(x)

Put x=x+k.
Then,

or f(x+2k)=—f(x+k) E
or fix+2k)=f(x), E

which clearly shows that f(x) is periodic with period 2k.

Example 153 If f(x) satisfies the relation f(x) + f(x +4) =f(x + 2)
+ f(x + 6) for all x, then prove that f(x) is periodic and find its

period.
Solution : Given f(x) + f(x +4) =f(x +2) + f(x + 6) (1)
Replace x by x + 2. Then
f(x+2)+f(x+6)=f(x+4)+f(x+8) .(i1)

From (i) and (ii), we have f(x) = f(x + 8).
So, time period of function is 8.

Example 154 Let f: R —> R — {3} be a function with the property

that there exist T > 0 such that f(x + T) = for every

x € R. Prove that f(x) is periodic.

Solution We have, f(x + T) =

For period check at multiple of T
ie., 2T, 4T, 6T,......
Replacex by x+T

f(x+2T)= o]

] B

= f(x+2T)=D¢ fx) (i)

So, 2T is not a period of function
Putx=x+2T inequ. (ii)

fix+4T)= =
- - B

= fx+4T)=a
Hence, f(x +4T) =1f(x)
So period is 4T

TRANSFORMATION OF GRAPHS

1. Vertical shift : f(x) transforms to f(x)| a, i.e.,

a. f(x) > f(x)+ a shifts the given graph of f(x) upward through
a units.

b f(x) = f(x) — a, shifts the given graph of f(x) downward
through a units.

Graphically, it could be stated as shown in the figure :

2. Horizontal shift : f(x) transforms to f(x_ @), i.e.,
f(x) = f(x —a) ; a is positive, shifts the graph of f(x) through
a units towards right.

b. f(x) = f(x+a); ais positive, shifts the graph of f(x) through
a units towards left.
Graphically, it could be stated as shown in the figure.
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Example 156 Consider the function -
Then draw the graph of the function y = f(x), y = f(|x|),
y=|f(x)|,and y = [f([x]).

Solution

3. Horizontal stretch : f(x) transforms to f(ax), i.e.,

a. f(x) = f(ax);a> 1. shrinks (or contracts) the graph of f(x)
a times along the x-axis.

i

f(x) a times along the x-axis.

Graphically, it can be stated as shown in fig.
e -

Solution Here, y =sin 2x, So, shrink (or contract) the graph of
sin x by a factor of 2 along the x-axis.

From fig, sin x is periodic with period 27 and sin 2x is

periodic with period 7.

4. Vertical stretch : f(x) transforms to a f(x). It is clear that
the corresponding points (points with the same x coordi-
nates) would have their ordinates in the ratio of 1 : a.

Solution We know y = sin x and f(x) — af(x).
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So, stretch the graph of f(x) a times along the y-axis.
Here, y=2sinx.
So, stretch the graph of sin x, 2 times along the y-axis.

Horizontal flip : f(x) transforms to f(—x), i.e.,

f(x) = f(—x)
To draw y = f(—x), take the image of the curve y = f(x) in the
y-axis as plane mirror.
Or
Turn the graph of f(x) by 180° about the y-axis.
Graphically, it is shown as in fig.

Example 158 Plot the curve y = log (—x).
Solution Here, y = log (—x) ; take the mirror image of'y = log_x

a.

about the y-axis. Graphically, it is shown as in fig.

Vertically flip : f(x) transforms to —f(x) i.e.,
f(x) > —(x)
To draw y =—f(x), take the image of y = f(x) in the x-axis as
plane mirror.
OR
Turn the graph of f(x) by 180° about the x-axis.

f(x) transforms to —f(—x)
That is, f(x) = —f(—x),
To draw y =—f(—x), take the image of f(x) about the y-axis
f(—x) about the
x-axis to obtain —f(—x). So, for the transformation

fx) > —f(—=x)
do the following :

to obtain f(—x) and then the image of

Image about the y-axis.

b.

Image about the x-axis.
Graphically, it is shown as the fig.

You can do all the above transformations in one go using
af(b(x+c))+d

ais vertical stretch/compression-flip
® |a|> 1 stretches

e |a] <1 compresses

e a <0 flip the graph upside down

b is horizontal stretch/compression-flip
e |b|>1 compresses

e |b| <1 stretches

o b <0 flips the graph left-right

c is horizontal shift
e ¢ <0 shifts to the right
e ¢ > ( shifts to the left

d is vertical shift
e d> 0 shifts upwards
e d <0 shifts downward

f(x) transforms to y = |f(x)|

If(x)| = f(x) if f(x)| |0 and [f(x)| =—f(x) if f(x) <0.

It means that the graph of f(x) and |f(x)| would coincide if
fx)|

the upward direction.

Figure would make the procedure clear.

Example 159 Draw the graph for y = |log x|.
Solution To draw the graph for y = |log x|, we have to follow

a
b.

two steps :

Leave the +ve part of y =log x as it is.

Take the images of the —ve part of y = log x, i.e., the part
below the x-axis in the x-axis as plane mirror. Graphically,

it is shown as in fig.

Graph of y=log x Graph of y=|log x|
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y=logxis differentiable forall | (see. fig (a))

y=|log x| is clearly differentiable forall | {1}
as at x = 1, there is a sharp edge (see fig (b))

Example 160 Sketch the graph for y = [sin x| and y = |cos X|.
Solution Here, y = sin x is known.
So, to draw y = [sin x|, we take the mirror image (in the
x-axis) of the part of the graph of sin x which lies below the
X-axis.

From the above figure, it is clear that y = |sin X| is
differentiable for all x ] T,nl |

Here, y = cos x is known.

So, to draw y = |cos x|, we take the mirror image (in the
x-axis) of the part of the graph of cos x which lies below the
X-axis.

9. f(x) transforms to f(|x|)
That s, f(x) = f(jx])
If we know y = f(x), then to plot y = f(|x]), we would follow
two steps :
a. Leave the graph lying to the right side of the y-axis as it is.
b. Take the image of f(x) to the right of the y-axis with the y-
axis as the plane mirror and the graph of f(x) lying to the
left side of the y-axis (if it exists) is omitted.
OR
Neglect the curve for x < 0 and take the images of curves

forx| |

Example 161 Sketch the curve y =log [x|.
Solution As we know the curve y = log x, the curve y = log [X|

could be drawn in two steps :

a. Leave the graph lying to the right side of y-axis as it is.
b. Take the image of f(x) in the y-axis as plane mirror.

Example 162 Sketch the curve y =|log x| and y = |log [x||

@

(b)
Example 163 Sketch the curve f(x) = | x|+ x> — 1|
We known that
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x x20 A1
M1k xeo@dR1=

x?—x—1 if
. —x?—x+1if
X) =
x> +x+1if

x> +x-1 if

(x?=1) xe(-w,1]U[l,0)

x<-1
-1<x<0
0<x<l

x>1

1

-1<x<l1

-1

0o 1

10 Drawing the graph of |y| =f(x) from the known graph of

y=fx)

Clearly, [y| > 0. Iff(x) <0, the graph of |y| = f(x) would not
exist. Also, if f(x) > 0, ly| = f(x) would giveny = +f(x).
Hence, the graph of |y| = f(x) would exist only in the

regions where f(x) is non-negative and will be reflected

about the x-axis only in those regions. Regions where f(x)

<0 will be neglected.

A

y =f(x)

A

N

N

(a)

1= f(x)

N /

o

(b)

Example 164 Sketch the curve [y| = (x—1) (x—2).

y

. /12\3

11. Drawing the graph of y = [f(x)] from the known graph of

y=1(x)
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MISCELLANEOUS ILLUSTRATION

Ilustration 1 LetA={-2,-1,0,1,2} and B={0, 1,2, 3,4, 5, 6}.
Consider a rule f(x) = x%. Then, Find the domain and range
of the function if it is exists ?

Solution Consider a rule f(x) = x2. Then,

f-2)=(-2P=4, f-1)=(-1p=1,

f0)=0°=0 flH)=12=1
and f(2)=22=4
Clearly, each element of A is associated to a unique element
of B.
So, f:A— B givenby f(x) = x?is a function.
Clearly, domain (f) = A= {-2, -1, 0, 1, 2} and range
(H=1{0,1,4}.

Mlustration 2 If g= {(1, 1), (2, 3), (3, 5), (4, 7)} a function ? If this
is described by the formula, g(x) = ax + 3, then what values
should be assigned to o and 3 ?

Solution Since no two ordered pairs in g have the same first
component. So, g is a function such that

g()=1,g(2)=3,g(3)=5andg(4)=7
It is given that g(x) = ax + . Therefore,
g(l)=1landg(2)=3
= a+B=1land20+p=3
= a=2,f=-1

Ilustration 3 Let f: R — R be such that f(x) = 2*. Determine

(a) Range of f (b) {x:f(x)=1}
(c) whether f(x +y) = f(x). f(y) holds.
Solution

(a) Since 2*is positive for every x € R. So, f(x) =2*is a positive
real number for every x € R. Moreover, for every positive
real number x, there exist log, x € R such that

f(log, x) =2"*" =x
Hence, we conclude that the range of f is the set of all
positive real numbers.

b) -+ fx)=1=2"=1= 2*=2°= x=0.

{x:fix)=1}={0}.

© - flxt+y)=2"=2x.2y=1f(x) f(y)

f(x +y)=1(x) f(y) holds forallx,y € R

Ilustration 4 Find the range of f(x) = sec (%cos2 xJ , where —0<x

Solution f(x) = sec (g cos’ xj

We know that 0 < cos’x<1i.e.,

T T
0<Zcos’x <=

For the above value of 6 = %cos2 X, Sec X is an increasing
function.

Atcosx=0, f(x)=1and atcosx=1, f(x) = 2 . Therefore,
1SXS\/§ or xe[l,\/z]

1
Illustration 5 Find the range of f(x) = ——F———
& ®) 1-3v1-sin’ x

1
1-3+/1-sin’x
I
" 1-34cos’ x

B 1
~ 1-3]|cosx|

Solution f(x) =

Now, -3 |cosx|e[-3,0]
or 1-3|cosx|e[-2,1]

1

— e (-, —1/2]U]],
1—3\cosx\e( * 1ot )

Illustration 6 The function f : R — R is defined by

f(x) = cos? x + sin*x for x € R. Then the range of f(x) is

3 3
W[5 o3

3 3
o] o3

Solution (C)
y=1(x) =cos’x+sin*x
= cos?x + sin? x(1 — cos? X)
= cos? X + sin® X — sin® X cos? X

=1-sin’x cos’x

=1- l sin? 2x
4

%Sf(x)ﬁl ("~ 0<sin’2x<1)
f(x) € [3/4,1]
Ilustration 7 Prove that the least positive value of x, satisfying
tan x =x + 1, lies in the interval (%’ gj

Solution Let f(x) = tan x and g(x) = x + 1, which can be shown in
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follows.
y
I g(x)=x+1
Lest +ve(x)
‘n /
2 > X
_3n -1 /10 I 3n
2 2 2
—T

From the figure, tan x =x + 1 has infinitely many solutions

but the least positive value of x lies in (%, gj

Illustration 8 Draw the graph of y = (sin 2x) 1+ tan” x, Find

its domain and range.
Solution y = (sin 2x V1 + tan” x
= (2 sin X cos X) [sec X

2sinx,cosx >0
—2sinx, cosx <0

2sinx, x 1" and 4" quadrant
| -2sinx, x €2™ and 3" quadrant

The graph of the function is shown in the following figure.

4 -2 w2 2 4

-2

Hlustration 9 Find domain of f(x) = v/4* + 8%V _13 220D
: o) 2(x-1
Solution 4* +83  —13-2**Y >0
or 4%+ r_ 4 >13
6 4

or 4*>4* or x €[2, ™)

INustration 10 Find domain of f(x) = [log,, __logyx
2(3-log,, x)

10

Clearly, f(x) is defined if

loglo{ log,, x } >0 log,, x

>0, and x>0

2(3-logy, x) ’ 2(3-log, x)
or log, x >1, log,, x <0, andx>0
2(3-log,, x) log,,x—3
or 3(log,yx ~2) <0 log,, X <0,andx>0

2(log,,x-3) " log,x-3

or 2<log, x<3,0<log <3,andx>0
or 102<x<10%10°<x<10%andx>0
or xe€[l0% 10%)
Illustration 11 Find domain of f(x) = sin™' (log, x)
Solution f(x)=sin" (log x)
Since the domain of sin™' x is [-1, 1], f(x) = sin' (log, x) is
defined if
—1<log,x<1

or 2'<x<?2!

or leSZ
2
domain =|3.2]
or domain >

Ilustration 12 Find domain and range
fix)=log (x*—11x+24)
Solution f(x) =log xX2-11x+24)
x—4>0and # landx*—11x+24>0
or x>4and # Sand(x-3)(x—8)>0
ie, x>4and # Sandx <3 orx>8

or domain (y)= (8, )

3]
[S1E]
Nl

[\S]

o

S VLY

From the graph, range of the function is (-2, 2).

Iustration 13 Find domain of f(x) =

-+ logw(x3 -X)
-X

Solution f(x) =

. +log, (x* —x)

fis defined when
x#+2 andx*—x>0
or x#*2 andx(x*—1)>0
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or x#*2,xe(-1,0)U(l, )
or xe(l-,0)u(,2)u(2,x)

Hlustration 14 Find domain of f(x) = !

\/10g1,2(x2 -7x+13)

Solution f(x) = ! exists if

Jlog,, (x> =7x+13)
log,, (x*~7x+13)>0
or x*-7x+13<1 (i)
and x*—7x+12<0 (11
or x2-7x+12<0and(x—-4)(x-3)<0
or 3<x<4andx €R

or 3<x<4

Illustration 15 Find the domain of

1 1
f = b) f =
@ =t O 10
Solution
@ )=t

’

X—|x
| x=x=0, ifx=>0
XK x+x=2x, if x<0

or x—[x| < 0forallx

. 1
e, m does not take real values for any x € R.
x—|x

i.e., f(x)is not defined for any x € R.
Hence, the domain (f) is ¢.

1

X+|x

x+x, if x>0
X+ [X|= .
a x—x, if x<0

(b) f(x)=

’

2x, if x>0

0, if x<0 ()

or x+|x|—{

1
Now, f(x) = —=== assumes real values of x +|x|>0
(x) \/rm ]
or x>0 [using (1)]
or x€(0, )

Hence, domain (f) = (0, o)

Hlustration 16 Ifa <b < ¢, then find the range of
f(x)=x—a]+[x—b|+[x—c|

Solution f(x) can be rewritten as

a+b+c—-3x, x<a
b+c—a—x, a<<x<b

f(x)=
c—a—-b+x, b<x<c
3x—a—-b-¢c, x2>c¢
y
A
: : : > X
O Xx=ax=b x=c¢

Graph of f(x) is shown in the figure
Clearly, the minimum value of f(x) will occur at x =b which

isc—a.

Illustration 17 Find the range of f(x)=+1—vx*—6x+9

Solution

f(x)=\/l—\/x2—6x+9 =\/1—\/(X_3)2 =y1-[x=3|

Therefore, range of f(x) is [0, 1].

Ilustration 18 Solve the following :
(@ 1<x-2|<3 (b) 0<x-3|<5

-3
(©) <1
x+1
Solution
(@ 1<x-2|<3

We known thata<|x| < b < Xx € [-b,—a] U [a, b]
Giventhat 1 <[x—2|<3
or (x-2)e[-3,-1] U [1,3]
or xe[-1,11V [3,5]
(b) 0<|x-3]<5
or x—3#0and[x-3|<5
or x#3and-5<x-3<5
or x#3and—-2<x<8

or xe[-2,3)U (3,8]

x—-3
<1
© x+1
or —ISX_3S1
x+1
or X_3—1£0 andosx_3+1
x+1 x+1
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or _—4S0 and OSZX—Z
x+1 x+1
or x>-1 and {x<-lorx>1}

or x=>1
Ilustration 19 Find the set of real value(s) of a for which the
equation [2x + 3| + |2x — 3| = ax + 6 has more than

two solutions.
. 3
4x, if X>=
2

. 3 3
Solution Given |2x +3|+[2x—3|=7 6, if —5<x<5 and

XS—é

—4x, if
2

y=ax+6

y=—4x y=4x
(0, 6)

-3/2 0] 312

v

From the graph, it is obvious that

33
if a=0,we have infinite solutions in the range [_E’ E} R
if 0<a<4or—4<a<0,wehave two solutions.

if a=4or-4,x=0isonly solution.

Illustration 20 Find the domain of
@ ()= ———
Jx—[x]

Solution

(© f(x)=logi{x}

1

X —[X]

We know that 0 < x—[x] <1 forallx € R
Also, x-—[x]=0forx €Z

(&) We have f(x)=

1
Now, f(x) = ——— is defined if

x—[x]
x—[x]>0
or X€R-Z

Hence, domain=R -Z

(c) f(x)=log{x} is defined if {x} >0 which is true for all real
numbers except integers.

Hence, the domainis R — Z.

Illustration 21 Find the range of f(x) = cos(log_{x}).
Selution f(x) = cos (log_{x}).
For the given function to define,
0<{x}<l1
or —o<log {x}<0
For these values of 0 = (log {x} ), cos 0 takes all its possible
values.
Hence, the range is [-1, 1].

Mlustration 22 Solve (x — 2) [x] = {x} — 1, (where [x] and {x}
denote the greatest integer function less than equal to x
and the fractional part function, respectively.

Solution for x > 2, LHS is always non-negative and RHS is
always negative.

Hence, for x > 2, there is no solution.

If 1<x<2,then(x-2)=(x-1)-1=x-2,whichisan
identity.

For 0 £ x<1,LHSis 0and RHS is (—)ve.

So, there is no solution.

For x <0, LHS is (+ve), RHS is (—ve).

So, there is no solution.

Hence, Xx€[l,2)

Ilustration 23 Solve [x]*—5[x] +6=0.
Solution [x]*-5[x]+6=0

or [x]=2,3

or x€[2,4)

Illustration 24 Find the domain of f(x) = —“(1_Slnxz)
log,(1-4x")
Solution

1-sinx > Oorsinx < lorx € R

1-4x*>0o0rx € (-1/2,1/2)

log (1-4x%) # Oor1—-4x> # lorx # 0

-1 <1-{x} £lor0< {x} <2orx eR

Hence, domain is common values ofa, b, cand d, i.e.,
11
xe|l-——,—|-1{0
(-13)-

Illustration 25 If f: R — R is given by f(x) =

p o oo

x> —4
x*+1

, identity

the type of function.
Solution f(x) = f(—x). So, fis many-one.

Also, f(x)=1- >1-5=—-4.So, fisinto.

x?+1
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Ilustration 26 Find the set of values of a for which the
function f: R — R given by
f(x) =x3+(a+2)x*+3ax + 5 is one-one.
Solution Since f: R — R is one-one. Therefore, f(x) is either
strictly increasing or strictly decreasing.
= f'(x)>0 or f'(x) forallx.
= 3x*+2x(at2)+3a>0forallx €R
or 3x*+2x(at+2)+3a<Oforallx € R
But, 3x2+2x (a+2) + 3a cannot be less than zero for all x €
R, because the curve
y = 3x%+2x (a+2) + 3a represents a parabola of the
form x*=4ay for which y > 0 for some x.
So, 3x?+2x(a+2)+3a>0forallx.
= 4(a+2)’-36a<0
[ ax’+bx+c>0forallx = Dis<0]
4(a>+4a+4-9a)<0
(a’-5a+4)<0
(a—-1)(a—4)<0

1<a<4.

ud Uy

Hence, f(x) is one-one ifa € (1, 4).

nT—l’ when n is odd

Ilustration 27 If f: N —> Z f(n) =
Y when n is even

identify the function
Solution When n is even, let

f(2m,)=f{(2m,)

2m, 2m,
oo ——=——""-—=
2 2
or 1’1’11 :Il’lz

When n is odd, let
f2m, +1)=f2m,+1)

2m, +1-1_ 2m,+1-1

orm =m
1 2
2
Therefore, f(x) is one-one.
. n 2m
Also, whennis even, —5 = —7 =-m

-1 2m+1-1
When n is odd, n_:m—:m
2 2
Hence, the range of the function is Z.

Therefore, function is onto.

Ilustration 28 Let C and R denote the sets of all complex
numbers and all real numbers respectively. Then show that
f: C > Rgiven by f(z) = |z| for all z € Cis neither one-one
nor onto.

Solution We find that z = 1 —iand z, = 1 + i are two distinct
complex numbers such that |z |=|z)|
ie,. z, # z,but, f(z))=1(z))
This shows that different elements may have the same
image.
So, f'is not an injection.
Surjectivity : f is not a surjection, because negative real
numbers in R do not have their pre-images in C. In other
words, for every negative real number a there is no com-
plex number z € C such that f(z) = |z| = a. So, fis not a

surjection.

Mlustration 29 If f(x+f(y))=f(x)+y V X,y € Rand f(0)=1,
then find the value of (7).
Solution f(x +f(y)) =f(x) +y, f(0)=1
Putting y=0, we get
fix+1(0))=1(x)+0
or flx+1)=1(x) V x €R
Thus, f(x) is periodic with 1 as one of its period. Hence,

f(7)=1(6)=f(5)=....=f(1)=(0)=1
Hlustration 30 If f: R* — R, f{x) + 3xf(3 =2(x+ 1), then find
fx).
Solution f{x)+3x f[ij =2(x+1) ()

Replacing x by l, we get

X
f(lJ 3L = z(lﬂj
X X X
or xf (lJ +3f(x) =2(x +1) (i)
X

X+1

From (i) and (ii), we have f(x)=

Hlustration 31 Consider f : R* — R such that f(3) = 1 for
a e R"and f(x) . f(y) + f[%jf(%j =2f(xy) V x,y € R".
Then find f(x).
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Solution f(x).f(y) + f [%j f [%J =2f(xy)

Put x=y=1.
Then, £(1)+£3)=2f(1)
or (f(1)-1)*=0orf(1)=1
Now, puty=1.Then
fix) f(1)+ f( 3 j f(3)=2f(x)

x
5 |
or f(x)=f|=|[Vx>0 (1)
X
or f(x)f(ij + f(ijf(x) =2f(3)
X X

or f(x)f(ij . i)
X
Therefore, from (i) and (i1),
=1V x>0
Put x=y= \ﬁ . Then,

PO+ (%j (1) or f(t)> 0

fix)=1V x>0

Ilustration 32 Determine the function satisfying
2 x+y)=2x)+fX(y) Vx,y € R.
Solution Given f(x +y) = fA(x) + f(y)
Put x=y=0.
Therefore, £2(0) = £2(0) + f2(0)
f0)=0
Now, replace y by — x.
Therefore, £2(0) = £2(x) + A(—x)
or Px)+f(—x)=0
fx)=0

Ilustration 33 If f(x + 2a) = f(x — 2a), then prove that f(x) is
periodic.
Solution f(x +2a)=f(x—2a)
Replacing x by x + 2a, we get
flx)=f(x+4a)
Therefore, f(x) is periodic with period 4a.
Ilustration34 f: R — R, fix>+x+3) +2 f(x2—3x+5)=6x>— 10x
+17 V¥ x € R, then find the function f(x).
Solution Obviously, fis linear polynomial.
Let f(x)=ax+b.

Hence, f(x*+x+3)+2f(x*-3x+5) = 6x*—10x+17
or [a(x*+x+3)+b]+2[a(x*—3x+5)+b] = 68— 10x+17

or a+2a=6 (1)
and a—6a=-10 (i)
or a=2

(comparing coeff. of x> and coff. of x both sides)
Again, 3a+b+10a+2b=17
or 6+b+20+2b=17
S b=-3
or f(x)=2x-3
or f(5)=7

Ilustration 35 If f(a— x) = f(a + x) and f(b — x) = f(b + x) for all
real x, where a, b (a>b) are constants, then prove that f(x)
is a periodic function.

Solution f(x)=f(b+ (x—b))

=f(b—(x—b))
=f(2b—x)
=fla+ (2b—x—a))
=fla—(2b—x—a))
=f(2a—-2b+x)
Hence, f(x) is periodic with period 2a — 2b.

Ilustration 36 If f is the greatest integer function and g is the

modulus function, then find the value of

(goﬂ(—gj—(fog)(—g)

Solution Given (gof) (—%) —(fog) (—%)

(-
Ilustration 37 If the domain of y = f(x) is [-3, 2], then find the
domain of g(x) = f(|[x]|), where [] denotes the greatest
integer function.
Solution Here, f(x)is defined by [-3, 2].
So, x €[-3,2]
For g(x)=f(|[x]|) to be defined, we must have
-3<|[x]|£2
or 0<|[x]|<2

or —2<[x]<2

[As x| = 0 for all x]
[As|x|]<a = —a<x<a]
or —2<x<3 [By the definition of greatest
integral function]

Hence, domain of g(x) is [-2, 3).
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Ilustration 38 If the functions fand g are given by

£=1(1,2),3,5),(4, 1)}

and g={(2,3),(5,1),(1,3)},

find the range of fand g. Also, write down fog and gof as

sets of ordered pairs.

Solution We have
Range of f= Set of second components of ordered pairs in
={2,5,1}

Similarly,

Range of g= {3, 1}

We have, domainf = {1, 3,4}, domaing= {2, 5, 1}

Clearly, range — domain g and range g — domain f.

So, fog and gof both exist.

Now, fog(2)=1f(g(2)=1(3)=5;
fog (5)=1(g(5)) =f(1)=2;

and fog(1)=1(g(1))=g(3)=5
fog=1{(2,5),(5,2),(1,5)}

Also,  gof(1)=g(f(1))=g(2)=3;
gof(3)=g(f(3))=g(5) =1

and, gof(4) = g(f(4))=g(1)=3
gof={(1,3),(3,1),(4,3)}

Hlustration 39 Ifthe function f: R — R be given by f(x) =x*+2

X
and g : R — R be given by g(X) ZQ
Find fog and gof.

Solution Clearly, range f=domain g
and,range g = domain f.
So fog and gof both exist.
Now,

x Y x?
+2= - +2
x—1 (x-1)

XX+2  x*+42
and (gof) () =g ((00) =g(¢ +2)= F 5= o

Hence, gof:R — R and gof: R — R are given by

(fog) () =f(gx) = f (Lj = (

x—1

x> 42 _ x’
(gof)(x) = 5 and, (fog)(x) "o +2

respectively

x?, forx=0 .
, then fof(x) is given

Illustration 40 If f(x) =
x, forx<0

by
(A) x*forx > 0,x forx<0
©) x*forx > 0,—x*forx<0

(B) x*forx > 0,x*forx<0
(D) x*forx > 0,x forx<0
(f(x))*, for f(x)=0

Solution (D) f(f(X))Z{ f(x), for f(x)<0

x*)?, x*20, x>0
x2, x>0, x<0 _{x“, x>0

2

x?, x%<0, x>0 X, x<0

X, x<0, x<0

. log.x, 0<x<l1
Ilustration 41 If f(x) =

x*=1, x>1
d ) x+1, x<2 hen find o
X)=
and 8 o, x22’t en find g(f(x)).
Solution £(x)= log x, 0<x<lI 4 g(x)= x+1, x<2
olution f(x)= Col xzl and g ol x22

fx)+1, f(x)<2

g(f(x)) = {(f(x))z -1, f(x)=2

log,x+1, log,x<2,0<x<l1
x?-1<2,x>1

(log,x)* -1, log,x>2,0<x<1

x?—1+1,

x*=1)*-1, x*-122,x2>1

logcx-}-], X<62,O<X<1
B x? —=1+1, - 3<x<\/§,x21

(log, x)* -1, x>e’,0<x<1

(x* -1’ -1 X <—/3 orxzx/g,le

log, x+1, 0<x<I
_ xz, l£x<\/§

X -D’-L x>.3

Ilustration 42 If f: R — R is defined by
f(x) =x?—3x +2, find f(f(x)).

Solution We have,
f(f(x)) =f(x*—3x+2)
=1(y), where y=x>—3x+2.
=y’ —-3y+2
=(x*-3x+2)*-3(x*-3x+2)+2

=x*-6x+10x>*—3x

Ilustration 43 If f(x) =
x*+1, x<0 B (x—l)‘“, x <1
il x20 (x)= (x—1)2, x> compute gof(x).

g(x3 +1),x <0
Solution We have, gof(x) = g(f(x)) = o (x3 N 1)1/3 x>0
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& +1-D" x<0
& +1-D" x>0

X, x<0
_{x, x>0
=x forall x.
Hence, gof(x) =x for all x.

Illustration 44 Identify the following functions whether odd

or even or neither :

x'+x2+1
x?+x+1

0 fx)= log[

4 2
Solution Jog (X;—XHJ =log(x* —x +1),
X +x+1

which is neither odd nor even.

(i) f(x) =log (;wm)
Solution f(x) = log (x +x2+1 )
f(—x) = log(—x x4l )
or f(x)+f(x)=log (X+m)+log(—x+m)
= tog V" 1+ x) + log (Vx" +1-x)

= log(x*+1-x*)=log1=0
or fl=x)=-f(x)

Hence, f(x) is an odd function.

X|x| , x<-1
(i) f(x)=<[x+1]+[1-x] , -l<x<l1
—X| x| s x>1

where [ ] represents the greatest integer function.

-X|—x| , —x<-1
Solution f(—x)=q[-x+1]+[1+x], -1<—x<1
—(=x)|-x| , —x2=21
-=x|x| , x21
=3[1-x]+[1+x],-1<x<1
X | x| , x<1

=f(x)

Hence, the function is even.

Ilustration45 Ifg:[-2,2] > R, where g(x) = x>+ tan x +

’+1
[X P is an odd function, then the value of parametric

P, where [.] denotes the greatest integer function, is
(A) -5<P<5 B) P<5
© P>5 (D) none of these

241
Solution (C) g(x)=x+ tanx + {"; }

or g(-x)=(—x)*+tan(—x)+ {

R [Xz+1}
=—Xx’—tanx +
P

or gx)=g(-x)=0

Because g(x) is a odd function,

2
[—x3—tanx+{x +1D+ {x2+1} =0
P +

2 2
2[(" +1)}o or 0<X ¥
P P

Now, xe€[-2,2]

(—x)* +1
P

0££<1 orP>5
P

Illustration 46 f(x)= [ZCOLI, where x is not an integral
3

T 2

multiple of w and [.] denotes the greatest integer function,
is

(A) an odd function

(C) neither odd nor even

(B) an even function
(D) none of these

cos(—x) COSX

[ 2x} 1 [n} 1
-—— | += -1- +
T 2 T 2

Solution (A) f(—x) =

(As x is not an integral multiple of 7)

Hlustration 47 Find the inverse of the following functions :
A) f:R— (-, 1) givenby f(x)=1-2~
SolutionLety=1-2~*

or 2*=1-y

or —x=log(1-y)
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or f'(x)=g(x)=-log,(1-x)

(B) f:Z — Z defined by f(x) = [x + 1], where [.] denotes the
greatest integer function.

Solution Since the domain of the function is I, we have
fix)=x+1
or flx)=x-1.

o1, x<2

X
£(x) =
© 1) {x2+3, Xx=>2

3
Solutionf(x)z{xz_l’ x<2
X" +3, x22
For f(x)=x>—1,x<2,f'(x)=(x+1)"3,x<7
(Asx<2 = x’<8 = x*-1<7)
For f(x)=x*+3,x 2 2,f'(x)=(x-3)"%,x > 7

Asx>2 = x*>4 = xX*+3>17)

x+D", x<7

Hence, f'(x)=
() {(X—3)1/2, x>7

—X

e —e

D) f(x)= +2

—X

e* +e

-X

—¢€

Solution y = ©

—+2
€ +¢€

Illustration 48 Let f:[—g,%}a[o, 4] be a function

defined as f(x) = \/5 sinx —cos x +2. Then f (x) is given

by

. Xx—-2) = . Xx—-2) =
A) sin’!| —=|-= B) sin”'| —= |+—=
A) ( 5 ) p B) ( 5 ) p
(D) None of these

2T | cos [ 222
© ?+cos ( > j

Solution (B)y=1(x) :\/3 sinXx—cos X +2 =2 sin (x —%)+ 2
()

Since f(x) is one-one and onto, fis invertible.

. -2
From (i), sm(x —%) =y

. 2
or x=sin'——+—

or f!(x)=sin"! (X—_Zj +Z
2 6

Ilustration 49 Which of the following functions is the inverse
ofitself ?

1-x
A fx)= Tix B) f(x)="5"

(O f(x)=2xD (D) None of these
Solution (A) By checking for different functions, we find that
for

f(x) = 1—; £ (x) = f(x).

1+
Iustration 50 If the function f: [1, o) —[1, o) is defined by
f(x) = 2D, then f '(x) is

x(x-1)
@) @ ®) %(1+«/1+4log2 %)

© %(1—\/1+4log2 X) (D) Not defined

Solution (B) Given y =21
or x(x-1)= 10g2y
or x*-~x—log,y=0

_1£/l+4log,y

2

or X

_1+41+4log,y

Onl X
Y 2

lies in the domain. So,

£ (x) :%[1+,/1+4log2 x]

Illustration 51 Discuss whether the function f(x) = sin
(cos x +x) is periodic or not. if yes, then what is its period ?
Solution Clearly,
f(x+2n)=sin {cos 2n+x)+2n+x }
=sin {21+ (X +cos x)}
=gin (X + cos X)

Hence, period is 2.
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Ilustration 52 Let f(x, y) be a periodic function satisfying
flx,y)=f(2x +2y,2y—-2x) forallx,y € R
Define g(x) = (2%, 0). Show that g(x) is a periodic function
with period 12.
Solution We have,
flx,y)=f(2x +2y,2y—-2x) forallx,y € R ..(i)
f(x, y)=f(2(2x +2y) +2(2y — 2x), 2(2Qy — 2x) — 2(2x + 2y))
f(x, y) =1(8y, —O8x)
=f(8 x - 8x,— 8 x 8y)
fx,y)=1f(-64x,—64y)
=f(—64x—-64x,—-64x—-064y)
= f(21%x, 2"%y)
f(x,0)=1(2"x,0)
f(27,0)=1(2'2x 2y, 0)
(2%, 0)=1(2'*%,0)
(2%, 0)=f(2'*,0)
gx)=g(12+x)

Hence, g(x) is a periodic function with period 12.

for all x

Hlustration 53 If f(x) = AJsin x| + A?|cos x| + g(A) has period equal
to 7/2, then find the value of A.
Solution Since the period of |sin x| + |cos x| is /2.

itis possible when A = 1.

Ilustration 54 If the period of &n(xnx))’ ne N is 6mthen
t(j
n
n=
a)3 (B) 2
©)o6 D)1

Solution (C) The period of con(sin nx) is T andthe period of
n

X ) .
tan| — | 1s Tn.

Thus, 6n=LCM (g, ij

or 6nz£kl or nzﬁ,and&r:lznn
n 6

or n =£,k1, A, el’

2

From nzi, n=6,3,2,1.
2

Clearly, for n= 6, we get the period of f(x) to be 67.

Ilustration 55 Find the period if f(x) =sin x + {x}, where {x} is
the fractional part of x.

Solution Here, sin x is periodic with period 27 and {x} is
periodic with 1. The LCM of 2x (irrational) and 1 (rational)
does not exist.

Thus, f(x) is not periodic.

. . . 2mx X
Iustration 56 Find the period of f(x) = sin N + COST'

. .27 T L. .
Solution Since sm?x and coszx are periodic functions

2 2
2717;3 =3 and TC_/T[2 =4 respectively. There-

fore, f(x) is periodic with period equal to LCM of 3 and 4
ie., 12.

with periods

Illustration 57 Match the column

Column I Column II
(P) f(x)=sin’*x +cos*x a w2
(Q) f(x)=cos*x +sin*x b =
R) f(x)=sin’*x +cos’x c. 2n
(S) f(x)=cos*x —sin*x
Solution

(P) f(x)=sin’x +cos’x,
sin*x has period 2 and cos*x has period 7, and L.C.M. of ©
and 2mis 2.
Hence, period is 2.
(Q) f(x)=sin*x +cos*x
Both sin*x and cos*x have the same period 7, and L.C.M of
mand T is 7.
But, f(x +1/2) = f(x).
Then, period is 7/2
(R) Both sin’*x and cos*x has the same period 2w, and L.C.M of
2mand 21 is 27
Hence, period is 27, [(f(x + ) # f(x)].
(S) f(x)=cos*x —sin*x
Both sin*x and cos*x have the same period 7, and L.C.M of
mand T is .
Hence, period is T [f(x + /2) # f(x)].
Ilustration 58 Which of the following functions is not peri-
odic ?
(A) [sin 3x|+ sin’x
(©) cos4x+tan'x
Solution (B)

(B) cos.fx *cosx

(D) cos 2x +sinx

Since cos VX is not periodic, cos+/x + cos?x is not peri-
odic although cos’x is periodic.
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Hlustration 59 Find the period of

|sin4x |+ |cos4x |

a

@ |sin4x —cos4x | +|sin4x +cos4x |
X X

b) f(x)=sin——cos

®) () n! (n+1)!

. X . X X .X
(©) f(x):smx+tan5+s1n?+tan2—3+...+smF+

X
tan —n
2

Solution

(a)

(b)

(©).

m
Period of |sin 4x| + |cos 4x| is 3

I
Period of |sin 4x — cos 4x| + [sin 4x + cos 4x| = 3

I
Because period of |sin X — cos x|+ [sin X + cos X| = 3
. . ...
the period of given function is 3
f(x)= sin > — cos——
n! (n+1!
. . X . 2m . X
Period of sin— is —= =2n! and period of cos———
n! ks (n+D!
n!
is —2% _o(n+1)!
(n+1)!

Hence, period of f(x) =L.C.M. of {2n! 2(n+ 1)!} =2(n+1)!

. X . X X X X
f(x)=sinx+ tan5+sm7+tan?+....+smF+tan2—n
Period of sinx is 2.

X
Period of tan 5 1s 2.

Period of sin 12 is 8.
2
. X .
Period of tan? is 8.

X
Period of tanz—n is 2.

Hence, period of f(x) =L.C.M. of 2x, 8m,.... 2"1) = 2"

Draw the graph of the following functions (60 to 64)

Mlustration 60 f(x) =|x—2|—3|.

Solution
y
4
2
X I a— 0 2 4 ¢ 3 o X
2
v
Ilustration 61 [f(x)| =tan x.
Solution
y
1
2
3
L — 0 T 7 TR
2 2 >
-3
2
-1
Y

Mlustration 63 f(x) =—[x— 1|

Solution

12

Ilustration 64 Given the gr
following functions :
Solution (a) y=f(x)+3

aph of f(x), graph each one of the

b) y=—f(x-1)
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© y=fx+1)-2 @ y=f(1-x) d y=f(l-x)

(¢S]

-

_ -7 —6 —-3\—4 -3 -2 ) 2 3 4 s
N /L
5
Y ISR NN R SN S S 3
y=1f(x)+3 Illustration 65 Which of the following pair(s) of functions
y=—f(x—1) have the same graphs ?
) .
\ () f(X):secx_ anx’g(x):cosx+ sinx
cosSX cotx secX cosecx

D

b) f(x)=sgn(x’>—6x+10),

g(x) = Sgn(COSZ X +sin’ [X +§D, where sgn denotes

signum function.

© f(x)=e"g(x)=x>+3x+3

s
) a\\»-\

) f(x):SinX+ CcOS X (X):Zcoszx

Now, shift the above graph 2 units upward to get secx cosecx & cotx
y=2-1f(x). Solution (a) Domain of both

secx tanx cosx  sinx .
— X)= + 18

f(x)=

b
COSX cotx S€CX COoSecx

xeR- {n—n,neZ}
2

6 % 4 3 —2 — 2 3 4 & ¢ Also, both functions simplify to 1.
Hence, both functions are identical.
2 b) Asx’>-6x+10=(x-3)>+1>0
fx)=1vxeR

\»-\) [

-

y=fx+1)-2 Also, coszx+sin2(x+%j >0

(8]

Hence, g(x)=1V¥ x € R

Therefore, f(x) and g(x) are identical

N

—_—

-7 -6 /5 —4 -3 -2 — 2 3 4 3 (© f(X): eln(x2+3x+3)

LN

3V .3
/ 3 Asx2+3x+3—(x+zj +Z>0 vxeR

Now, shift the graph of y = f(x), 1 units left to get fx)=x>+3x+3 VxR

=f(x+1
y=fx+1) Therefore, f(x) is identical to g(x).

sinX  cosx
J,__

_—

f(x)=
@ fx) secX cosecx
=2sinXcosx

LN

_ 2cos’x

cotx

4 =g(x)

(5

= Alsoo, domain of both the functionsis x € R — {n—;,n S Z}
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EXERCISE 1

1.

If [.] denotes the greatest integer function, then the value

f 100 1 r .
_+_
© Z}[z 100} '
(A)49
(©)51

(B)50
(D)52

The function f(x) = [ log, G‘_X) dx is
+X

(A) An even function (B) An odd function

(C) A periodic function (D) None of these
P 4+2x+5
Let f: R = R be a function defined by f(x) = xz—x i
X +x+1

(A) One-one and into
(C) Many one and onto

(B) One-one and onto
(D) Many one and into

Let the function f(x) = x>+ x +sinx —cos x +log (1 +[x| ) be
defined over the interval [0, 1]. The odd extension of f(x)
in the interval [-1, 1] is
(A)x*+x+sinx+cosx—log(1+]x|)
(B)—x*+x+sinx+cosx—log (1 +]x])
(O)—x*+x+sinx—cosx+log(1l+]x])

(D) None of the above

Iff:R =R, g: R — R be two given functions, the f(x) =2
min (f(x) — g(x), 0) equals

(A) fx) +g(x)—lgx) - )] (B)fx)+g(x) +|g(x) - f(x)|
(O (%) —g(x) + g(x) — f(x)| (D) f(x) - g(x) - [g(x) — f(x)|

Iff:[-4, 0] > Ris defined by e* + sin X, its even extension
to [4, 4] is given by
(A) — e™ —sin [x]
(C) e+ sin [x|

(B) e —sin [x|
(D) — e+ sin |x]

LetA={1,2,3,4,5,6}.Iffbe abijective function from A to
A, then the number of such functions for which f(A) # A,
A=1,2,3,4,5,6is
(A)44
(C)325

(B)265
(D) 4585

The function f(x) = sin (B] —cos| —=— | is
n! (n+D!

(A) Non-periodic

(B) Periodic, with period 2(n!)
(C) Periodic, with period 2(n + 1)!
(D) None of the above

If f(x) is a polynomial function of the second degree such
that f(-3) = 6, f(0) = 6 and f(2) = 11, then the graph of the
function f(x) cuts the ordinate x = 1 at the point

(A)(1,8) B)(1,-2)

O 1,4 (D) None of these

10.

11.

12.

13.

14.

15.

16.

17.

The domain of the function y =log,, log,,log,,...log,, x

n times

(B) (10™", o)

(A) [10%, )
(©) (10", o)

Let f(x) =sin? (x/2) + cos? (x/2) and g(x) = sec’ x — tan’*x. The
two functions are equal over the set

(A) ¢

B)R

© R—{x:x=(2n+l)g,nel}

(D) None of these

(D) None of these

If f(x) = sin® x + sinz(ergj +cos X . cos(x+§j and

2(5/4) =1, then (gof) x is

(A) A polynomial of the first degree in sin x, cos x
(B) A constant function

(C) A polynomial of the second degree in sin X, cos X
(D) None of the above

Ifthe function f: [1, o) —[1, o©) is defined by f{x) =2x(x-1),
then f'(x) is

1 x(x-1)
(A) (5)

(©) %(l—,/(1+4log2 X))

(B) %(1+1/(1+4log2 X))

(D) Not defined

The period of geos'mxsxoxJ+cos’nx jg ([.] denotes the

greatest integer function)

(A)2 B)1
©o0 (D)-1
. . sin{sin(nx)} .
Period of the function f(x)=———F—"=,neN, is 67
tan(xj
n
then n is equal to
(A)1 (B)2
O3 (D) None
f(x) = (sinX") ox*= is
(A) An even function (B) An odd function

(C) Neither even nor odd (D) None of these

Let fbe a function satisfying 2f(xy) = {f(x)}* + {f(y)}*and

f(1)=k # 1, then 2 f() is equal to
r=1

(A) k-1
Ok +1

Bk
(D) None
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18.

19.

20.

21.

22,

23.

24.

25.

The total of solutions of 2* + 3*+ 4*— 5*=0 is.

(A)0 B)1

©)2 (D) None

The greatest value of the function

f(x) = cos {xe™+2x>—x}, x € (—1, o), where [x] denotes

the greatest integer less than or equal to x is.

(A)0 B)1

©2 D)3

The graph of f(x) = ‘(%—nj —n| is lie in the (n > 0)
X

(A) I and IT quadrant (B) I'and III quadrant

(C)Tand IV quadrant (D) IT and IIT quadrant

LetA = {1,2,3,4},B = {a, b, ¢), then number of functions
from A — B, which are not onto is.

(A)8 (B)24
(©)45 D)o
1
Range of the function f defined by f(x) = {—} (where
sin{x}

[.] and {.} respectively denotes the greatest integer and
the fractional part function) is

(A) 1, the set of natural numbers

(B N, the set of natural numbers

(C) W, the set of whole numbers

(D) Q, the set of rational numbers

x|x|

I F(0) =

then f! (x) equals.

| x|
1= x|

(D) None of these

@) XL ®) Sgn[
1-|x|

X
O

If f(x) is an even function and satisfies the relation

1
x*f(x) —2f (;J =8(X) , where g(x) is an odd function, then

the value of f(5) is.
37
(A)0 ®) 2
51
©4 (O) =

The domain of the function f(x) =log,, (x*~1)is
(A) (=3, -Du(, )

(B) [-3, - [, )

(©) (-3, -2)u(=2,-1)u(l, o)

(D) [-3, =2) W (=2, ~D V[, )

26.

27.

28.

29.

30.

31.

32.

33.

The domain of f(x) = log|log x| is

(A) (0, ) B) (1, )

(©) (0, (1, =) D) (==, 1)

The domain of the function f(x)= I S— , (n
f10 C)H _3x 10Cx

€ 7Z)is

(A) (eZnn, e(3n+1/2n))
(C) (e2n+1/4)T[’ e(3n—3/4)7[)

(B) (e(2n+1/4)n, e(2n+5/4)n)
(D) None of these

The domain of the following function is
1

flx)= logZE—log”2 (1 +WJ - 1]

(A4)(0,1) (B)(0,1]

O11, x) (D) (1, )

The domain of definition of the function f(x) = {x} * + [x]"

is (where { . } represents fractional part and [ . ] represents
greatest integral function)
(A)R-1

(OR-U {TU (0,1)}

(B)R-[0, 1)

D)1V (,1)

Let h(x) = |kx + 5|, the domain of f(x) be [-5, 7], the domain
of f(h(x)) be [-6, 1], and the range of h(x) be the same as the
domain of f(x). Then the value of k is

(A)1 (B)2

©3 (D)4

The range of the following function is.

f(x) = \/ (1- cosx)\/(l —cosx)/(1—cos x]...0

(A)[0,1] (B)[0,1/2]
(©)[0,2] (D) None

The domain of f(x) is (0, 1). Then the domain of f(e*) +

f(In|x]) is
(A)(-1,e) B)(1,¢)
(©) (e,-1) (D) (-, 1)

1
The domain of f(x) = ———=is.
JJlcosx|+cosx

(A) [2nm, 2nnt],neZ

(B) 2nm, 2n+1n),neZ

© ((4n+l)n’(4n+3)n)’ nez
2 2

D) ((4n—1)n’(4n+l)nj, ne?
2 2
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34.

35s.

36.

37.

38.

Ifthe graph of the function f(x) = is symmetrical

_a-l
X" (a* +1)

about the y-axis, then n equals
2
()2 ®) 3
o D)-+
© (D)3
Let f: R — R be a continuous and differentiable function

such that (f(x2 + 1))\/; =5 for Vx €(0,00) . Then the value

4
2\ Wy
of [f(m#n " for y €(0, o) is equal to
y

(A)5
(C)125

B)25
(D)625

Letf: N — N be defined by f(x) =x>+x+1,x € N. Then f
is

(A) One-one onto

(C) One-one but not onto

(B) Many-one onto
(D) None

Let f(x) = /| x | —={x} (where {.} denotes the fractional part

ofxand X, Y are its domain and range, respectively). Then
—00, l} and Y € [l, ooj
2 2

1 1
(B) xe (—00, —5} [0, ) and Y € [E, oo)

(A) xe(

©) Xe (—oo, —ﬂ U[0, o) and Y €[0, )

(D) None

The range of f(x) =[1 +sinx] + [2 + sin%} +[3 + sin%} +

ot [n +sin i}‘v’x €[0, ], where [.] denotes the greatest
n

integer function, is

*) {nz +2n—2’ n(n2+l)}

n(n+l)}

©) T

(D)

{n +n-2 n(n+1) n +n+2}

n(n+1) n +n+2}

39.

40.

41.

42.

43.

2F(n)+1
IfF(n+1)= % ,n=1,2,...and F(1)=2. Then F(101)
equals
(A)52 (B)49
(C)48 (D)51
. . 1
The domain of the function f(X)=—F——
10(:)(71 _ 3 ><10 (:X
contains the points
(A)9,10,11 (B)9,10,12
(C) All natural numbers (D) None

The domain of the function f(x) = [log !
|sinx |

(A)R—{-m, }
(C)R- {2n7t|n € Z}

(B)R—{nm|n € Z}
(D) (—CX)’ OO)

If f(x) = maximum {x3, x’, é} Vx [0, ©), then

x-,0<x<1
(A) f(x)= {

x*, x>1

(B) f(x)=1x",—<x<1

©) f(x)=1x*,—<x<1

—0<X<l
D) f(x)=464" 8

x*, x>1/8

Letf(n)=1+ l+1+....+l.Thenf(l)+f(2)+f(3)+....
2 3 n

is equal to

(A)nf(n)—1 (B)(n+1)f(n)—n

(C©)(n+1)f(n)+n (D) nf(n) +n

f(n)
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44.

45.

46.

47.

48.

49.

Letfix)= ¢ andg(x)= ), x e R, where { } and

[ ] denote the fractional and integral part functions,
respectively. Also, h(x) = log(f(x)) + log(g(x)). Then for real
x, h(x)is

(A) An odd function

(B) An even function

(C) Neither an odd nor an even function

(D) Both odd and even function

The domain of the function f(x) = /x> —[x]*, where [x]

is the greatest integer less than or equal to x, is
(AR (B) [0, + )
(©) (=0, 1] (D) None

The period of function 2% + sin 7tx + 3®2 + cos 27x
(where {x} denotes the fractional part of x) is

(A2 B)1
O3 (D) None

The period of the function is
f(x) _ CSl]‘l X+Sln“(X+§j+COSXCOSX[X+*) (Where c is constant)
(A1 (B) m/2

©Orn (D) Cannot be determined

f: N — N, where f(x) =x—(-1)*. Thenfis
(A) One-one and into (B) Many-one and into
(C) One-one and onto (D) Many-one and onto

The graph of (y — x) against (y + x) is shown.

3

y-%1
> (y +x)
Which one of the following the graph of y against x ?
y y
(A) (B)
X X
y
y 4
© (D)
0 » X
0 » X

50.

51.

52.

53.

The function f satisfies the functional equation 3f(x) +

ZfElegj =10x+30 forallreal x # 1. The value of f(7) is
X

(A)8 (B)4

(©)-8 D)11

Iff(x+y)=1f(x)+f(y)—xy—1 V x,y € Rand f(1)=1, then
the number of solutions of f(n) =n,n € N, is

(A0 B)1
©)2 (D) More than 2
The domain of the function

1
£(x) =
() \/{sin X} + {sin(n +x)}

, where {.} denotes the

fractional part, is

(A) [0, 7] B)@n+1)n2,neZ
(©)(0,m (D) None
) T
sin X + Cos X, 0<x<5
Let f(x)= a, x=m/2 Then its
tan’x +cosecx, TW/2<X<T
odd extension is
T
—_MT<X<——
—tan® X — cosecx, 2
T
(A) . —a, X = —E
—sinX + CoS X,
—-—<x<0
2
T
<X <——
—tan” X + cosecx, 2
T
B —a, X=—-=
®) . 2
sinX — cos X,
——<x<0
T
<X <——
—tan’ X + cosecx, 2
T
© a, x=—2
sin X — CoOS X,
-—<x<0
T
—M<X<——
tan® X + COS X, 2
T
(D) -2, X=-7
Sin X + cos x,
T
——<x<0
2
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54.

S5S.

56.

57.

58.

59.

60.

61.

LetX=1{a,a,...a}andY ={b, b, b,}. The number of
functions f from x to y such that it is onto and there are
exactly three elements x in X such that f{x) = b, is

(A)75 (B)90

(©)100 (D) 120

The range of the function f(x) = e)’:;e‘:‘ is
e'+e

(A) (=0, ) ®)[0,1)

(©(1,0] O LD

The period of f(x) = [x] + [2x] + [3x] + [4x] + .... [nX] —

n(n+1)

x, where n € N, is (where [.] represents greatest

integer function)

(A)n B)1
(R (D) None

The function f: (-, —1) — (0, €°] defined by f(x) =

ex3—3x+2 is
(A) Many-one and onto (B) Many-one and into
(C) One-one and onto (D) One-one and into
If the period of cos(sin(nx)) ,n € N,is 67, thenn=

tan(xj

n

(A)3 (B)2
©6 A1

The values of b and ¢ for which the identity f(x + 1) — f(x) =
8x + 3 is satisfied, where f{x) =bx*+cx +d, are
(A)b=2,c=1 (B)b=4,c=-1
(CO)b=-1,c=4 D)b=-1,c=1

1/2
5 2
The domain of the function f(x) = {loglo( X 2 X H is

(A) —0 <X < B)1<x<4
(C)4<x<16 (D) -1<x<1

The number of solutions of the equation [y + [y]] =2 cos

1
X, where y = 3 [sinx + [sin x + [sin x]]]

(where [.] denotes the greatest integer function) is
(A)4 B)2
©3 (D)0
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EXERCISEII

1.

Which of the following functions are identical ?
(A) f(x)=Inx?and g(x) =2 Inx

(B) f(x) =log, e and g(x) = log, x

(C) f(x) = sin (cos™ x) and g(x) = cos (sin™! x)
(D) None

Which of the following functions have the graph
symmetrical about the origin ?

(A) f(x) given by f(x) +f(y) = f ( 1x +y j

—Xy

(B) f(x) given by f(x) + f(y) = f(x\/I —y ayl—x )

(O) f(x) givenby fix +y)=f(x) +f(y) V x,y €R
(D) None

If f : R = R is a polynomial function satisfying the
functional equation f(f(x)) = 6x — f(x), then f(17) is equal to

(A)17 (B)-51
©)34 (D)-34
The domain of the function

f(x) =log,log,, (x* —8x +23) —;_
i log, |sinx |

contains which of the following interval(s) ?
3

B)| &, —

® ( 2)

(D) None

(A) (3, m

3n
of59

Which of the following function is/are periodic ?

1, x is rational
(A) f(x) = L
0, x is irrational
x —[x]; 2n<x<2n+1
B) f(x)=4 1
E; 2n+1<x<2n+2

2x
©) fx) = (—1)[ " ], where [.] denotes the greatest integer

function
(D) f(x) =x — [x + 3] + tan (%} , where [.] denotes the

greatest integer function, and a is a rational number.

10.

11.

f(x)-5
f(x)-3

Let f: R = R be a function defined by f(x + 1) =

v x € R. Then which of the following statement(s) is/are
true ?

(A) f(2008) =1(2004)
(C) f(2006)=1(2002)

(B) f(2006)=(2010)
(D) f(2006) =£{2018)

f(x)=x*-2ax+a(a+1),f: [a, ©) —> [a, ). [fone of the
solutions of the equation f(x) = f(x) is 5049, then the other

may be

(A)5051 (B) 5048

(©)5052 (D)5050
14

Let f(x)= X' -dxt3, x<3 and
x—4, x=>3

x) X —3, x<4

X)=

& x2+2x+2, x>4

Then which of the following is/are true ?

(A) (f+g) (3.5=0 B)fg(3))=3

© ) (2)=1 (D) (f-2)(4)=0

If the function {f satisfies the relation f(x +y) + f(x —y) =

2(x) f(y) V x,y€ Rand f(0) # 0, then
(A) f(x) is an even function

(B) f(x) is an odd function
(O)Iff(2)=a, thenf(-2)=a

(D) Iff(4) =D, then f(—4)=-b

Consider the function y = f(x) satisfying the condition

f(x+ljzxz +L2(X ;tO) Then the
X X

(A) Domain of f(x) is R
(B) Domain of f(x) is R— (-2, 2)

(C)Range of f(x) is [2, o©)
(D) Range of f(x) is [—2, o)

f:R—[-1, ©) and f(x) =1In ([|sin 2x| + |cos 2x|) (where [.]
is the greatest integer function). Then,

(A) f(x) has range Z

(B) f(x) is periodic with fundamental period /4

(C) f(x) is invertible in [0, ﬂ

(D) f(x) is into function
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12.

13.

14.

15.

16.

17.

18.

Let f(X) + f(y) = f(X\[l— y2 +yvl1- XZ) [f(x) is not
identically zero]. Then

(A) f(4x* - 3x) + 3f(x)=0

(B) f(4x*—3x)=3f(x)

©) f(2xV1-x7)+2f(x)=0
(D) F(2xV1-x7) = 2f(x)

If f(x) satisfies the relation f(x +y) =f(x) + f(y) for all x, y €
Rand f(1)=5, then

(A) f(x) is an odd function

(B) f(x) is an even function

(©) i f(r)=5""C,

Sm(m+2)

(D) D60 =

Consider the real-valued function satisfying 2f(sin x) +
f(cos x) =x. Then the

(A) Domain of f(x) isR

(B) Domain of f(x) is [-1, 1]

(C) Range of f(x) is [_% ﬂ

(D) Range of f(x) is R

Let f(x) =max {1 +sinx, 1, 1 —cosx},x € [0, 2], and g(x)
=max {1, [x—1|},x € R. Then

(A) g(f(0)=1

B gf(1)=1

Off(1)=1

(D) f(g(0))=1+sin 1

Iff:R—>N U {0}, where f(area of triangle joining points
P(5, 0), Q(8, 4) and R(X, y) such that angle PRQ is a right
angle) = number of triangles, then which of the following
is true ?

(A)f(5)=4 ®f(7)=0

(O f(6.25)=2 (D) f(x) is into

Which of the following functions are homogeneous ?
(A)xsiny +ysinx (B) x e¥* + y*¥
(C)x*—xy (D) arc sin xy

f(x) and g(x) are two functions defined for all real values of
x. f(x) is an even function and g(x) is periodic function,
then

(A) flg(x)] is a periodic function

(B) g[f(x)] is a periodic function

(C) flg(x)] is an even function

(D) g[f(x)] is an even function

19. The graph of function f(x) is as shown, adjacently. Then
1

the graph of is
£ x1)
y =1(x)
a b
y
a b
(A) 0 > X
i
(B) T~
y
© :b —a O a b !
y
» X
(D) - o\ @
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20.

21.

22.

23.

24,

25.

If f(x) is defined on (0, 1) then the domain of definition of
fe*) + f(In[x]) is

(A) (=e,-1)

(©) (=0, (1, )

B) (.- v (1,¢)
(D) (e, ¢)

Given the function f(x) such that 2f(x) +

x f (l)—2fu\/§sinn(x+%j‘]=4coszﬁ—2x+xcosﬁ ,

X X

then which one of the following is correct ?

(A f(2)+1(12)=1

(B) f(1) = —1, but the values of f(2), f(1/2) cannot be
determined

(O)f(2) +1(1)=1(1/2)

D) f(2)+1f(1)=0

The function cot(sin x) -

T
(A) is notdefined forx =(4n+ 1) E

(B) is not defined for x =nm
(C) lies between — cot 1 and cot 1
(D) can’t lie between — cot 1 and cot 1

The graph of ¢(x) is given then the number of positive
solution of ||(p(x)| - 1)| =1 are

(A)S B)2
©3 D)1
..... 4‘k 7........
h /i
Z
3 ) 7
i i

Which of the following function(s) is/are periodic ?
(A) f(x) =3x—[3x]

(B) g(x)=sin(1/x),x = 0 & g(0)=0
(C)h(x)=xcosx

(D) w(x) = sin(sin(sin x))

Which of the following functions are not homogeneous ?

Y Xy

(A)x+ycosX B) Xty
X_'YCOSX D) iﬁn(lj+l£n[§]
ysinx+y y X/ X y

26. Which of the functions defined below are NOT one-one

function(s) ?
(A) f(x)=5(x*+4),(x €R)
(O)hx)=m(x>*+x+1),(x € R)

(B) gx)=2x+(1/x)
D) f(x)=e>

27. Which of the following graphs are graphs of functions.

y

(A) //\/\/

O » X
y
(®) \/‘/
/ X
/0 "
y
(C) O/ )

<

4

® //o7 =
L

v
>

28. If domain of fis D, and domain of g is D,, then domain of

f+gis
(A)D\D,
(©)D,-(D,\D))

(B)D,—(D,\D,)
(D)D, N D,

29. Letf(x)=2x-sinxand g(x)= {/; , then

(A) Range of gofis R (B) gof'is one-one
(C) both fand g are one-one (D) both fand g are onto
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30.

31.

32.

33.

34.

35s.

36.

0, for x=0

Let f(x)= x? sin(ﬁj, for —-1<x<1, (x#0),then
X

x|x], for x>lorx<-1

(A) f(x) is an odd function
(B) f(x) is an even function
(C) f(x) is neither odd nor even

(D) f'(x)is an even function

If ex+e™ =g, then for f(x)
(A) domain= (-, 1)

(B) range = (-, 1)

(C) domain = (-0, 0]

(D) range = (-0, 1]

5+4/sin2x ) ) )
Let f(x)= 1+ omx If D is the domain of f, then D contains
(A) (07 TE) (B) (—ZTC, _TE)
(©) (2m, 3m) (D) (4m, 6m)
2

If y =f(x) =2~ then

x—1
(A)x=1(y)
B)f(1)=3

(C) yincreases with x forx <1
(D) fis rational function ofx

If [x] denotes the greatest integer less than or equal to x,
the extreme values of the function f(x) =[1 +sinx] +[1 +sin
2x]+[1 +sin3x] +....+[1 +sinnx],n € I',x € (0, ) are
(A)n-1 (B)n

O)n+1 (D)n+2

If f(x) = cos ([m?]x) + cos([-m?]x), where [x] stands for the
greatest integer function, then

(A) f(%):—l

(C)f(-m)=0

(B)f(m)=1
Tc —
(D) f(zj =1

f(x) = cos? x + cos? (§+ xj— COS X COS (§+ x) is

(A) An odd function
(B) An even function
(C) Aperiodic function
(D) f(0)=1(1)

37.

38.

39.

40.

41.

42.

Which of the following functions are not identical ?
A) )= = and g(x) = —
(A) (0= 7 and g(x)= _

2

(B) f(x) = X; and g(x) =x

(O)f(x)=Inx*and g(x) =4 Inx
D) fx)=In{(x-1)(x-2)}andg(x)=In(x—-2)+In(x-3)

The possible values of ‘a’ for which the function f(x) = e*~
X1+ cos ax (where [.] denotes the greatest integer function)
is periodic with finite fundamental period is

A= (B)2m

(O)3= D)1

Let fbe the greatest integer function and g be the modulus
functions, then

(A) (gof — fog) (—gj S ®)(E+2g(D)=1

(C) (gof - fog) Gj =0 (D) (f+2g) (1) =1

Which of the following function are even ?

(A) f(x) = x[a:”j
a -1

(B) g(x) =In (x + y/(x* +a%))

(©) h(x)= J(1-x)* +3(1-x)

0, if x is rational

(D) P(x)= {1

if x is irrational

Which of the following functions are periodic ?
(A) f(x) =sin x +[sin x|

(1+sinx)(1+secx)
(14 cosx)(1+ cosecx)

B)egkx)=

(C) h(x) = max (sin x, cos X)

D) p(x)=[x]+ [x +§Mx +§} —3x+10, where

[.] denotes the greatest integer function.

If f(x)= x2X+1 and f(A)= {y : —%S y< 0} , then set A
is

(A)[-1,0) (B) (=0, =1)

(©) (=, 0) (D) (=, )
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EXERCISE 1T

[PART 1 - COMPREHENSION TYPE]
Comprehension - 1

The accompanying figure shows the graph of a function
f(x) with domain [-3, 4] and range [—1, 2]

Figure (1)

» X
75//47372710123

Figure (ii)

Figure (iii)
On the basis of abvoe information, answer the following

questions :
Figure (ii) represents the graph of the function

(A)fx) (B) f(x-2)

O fix+2) D) fx-1)+1
Figure (iii) represents the graph of the function
(A) f(x) (B) f(x))
(®)iey] (D) D

The domain and range respectively of
(A) f(—x) are[-4, 3] and [-2, 1]

(B) f(x)—1 are [-3, 4] and [-1, 2]

(O) f(x) +2 are [-3,4] and [-2, 4]
(D)—f(x+1)+1are[4,3]and [-1, 2]

4.

10.

11.

12.

[-2, 5Tand [-2, 1] are the domain and range respectively of
the function
(A)—(x)
O)-fix+H+1

(B)fix—1)
(D)—f(x+1)

The number of solutions of figure (iii) and (2x — 6)> + 4y*=49
are

(A)2 (B)4
©6 (D) None

Comprehension - 2

Let f be a function satisfying

X

a

f(x)= o iva =g,(x) (a>0)

1995
Let f(x) = g,(x), then the value of [Z f (;ﬂ is (where

= 1996
[.] denotes the greatest integer function)
(A)995 (B)9%6
(C)997 (D) 998
f h 1996 f r
Let f(x) = g,(x), then — | s
x) =g, le (1997)

(A) Zero (B)Even
(C)0dd (D) None
The value of g (x) + g (1 —x) is
A1 B)5
10 (D) None

2n-1 r .
The value of »’ Zf(z—) is

p- n
(A)0 1 (B)2n—1
(©)2n (D) None

2n
If the value of ZZf(;j =1 _ 4987, then the
="\ 2n+1) 1++/a
value of n is
(A)493
(C)987

(B)49%4
(D) 988
Comprehension - 3

Let f(x)=x—5x+6, g(x) = f{{x]), h(x) =|g(x)| and ¢(x)=h(x) - (x)
are four functions, where (x) is the least integral function

ofx > x.
On the basis of above information, answer the following
questions :

The number of solutions of the equation g(x) =0 is

(A)0 (B)2

©4 D)6

The value of A for which the eqaution g(x) — A = 0 has
exactly three real and distinct roots

(A)2 ©4

©6 (D) None
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13.

14.

15.

16.

17.

18.

19.

20.

The set of values of [ such that the equation h(x) — u=0
has exactly eight real and distinct roots

1 1
(A) Me[(’a 5] (B) Me[(’a Zj

1 1
© HG(O’ 5} (D) HG(O’ ﬂ

The set of all values of x, such that equation g(x) + |g(x)| =0
is satisfied
(A)[-3,-2]
©)[-3,-2] v [2,3]

(B)[2,3]
(D) ¢

Which statement is correct for ¢(x) =0

(A) One value of x is satisfied for ¢(x) = 0 and that x lie
between 4 and 5

(B) One value of x is satisfied for ¢(x) = 0 and that x lie
between 3 and 4

(C) Two values of x is satisfied for ¢(x) =0

(D) None

Comprehension - 4

Let f(x)=min {x—[x],-x—[x]},-2 < x < 2;g(x)=2—|x

|sinx |
-2,-2<x < 2andh(x)=———
SInx

,—2<x<2andx # 0
(where [x] denotes the greatest integer function < x)

The number of solutions of the equation x> + [f(x)]*= 1 is

-1<x<1}

(A0 B)2

(©)4 D)6

The range of f(x) is

() [o, ﬂ (B)[0.1]

(©)[0,2] (D) None

The sum of all the roots of the equation g(x) —h(x) =01s {—
2<x<2}

(A) Positive (B) Negative

(C) Zero (D) None

The set of values of a such that the equation f(x) — o = 0
has exactly eight real and distincts roots

(A) ae (0, %) B)ae [0, %)
(C) . €[0,1) (D) o€ (0,1)
The value of fzf(x)dx is

(A0 B)1

©)2 D)8

21.

22,

23.

24.

25.

26.

Comprehension -5

f(x)
g(x)’
where f(x) = 1 —2sin’ x and g(x) =2cosx, ¥ f:R—>[-1,
1Jandg:R—>[-1,1].

Let F(x) = f(x) + g(x), G(x) = f(x) - g(x) and H(x) =

Domain and range of H(x) are respectively
(A)Rand {1}
(B)Rand {0, 1}

(C)R~ {(2n+ 1)% vand {1},nel

(D)R~ {(2n+1)g},and {0,1},nel

IfF:R —[-2,2], then
(A) F(x) is one-one function
(C) F(x) is into function

(B) F(x) is onto function
(D) none of these

Which statement is correct ?

(A) period of f(x), g(x) and F(x) makes are AP with
common difference /3

(B) period of f(x), g(x) and F(x) are same and is equal to
271

(C) sum of period of f(x), g(x) and F(x) is 37

(D) sum of period of f(x), g(x) and F(x) is 67

Which statement is correct

(A) the domain of G(x) and H(x) are same

(B) the range of G(x) and H(x) are same

(C) the union of domain of G(x) and H(x) are all real
numbers

(D) the union of domain of G(x) and H(x) are rational
numbers

Ifthe solution of F(x) - G(x) =0 are x , X, X,
x € [0, 57], then

(A) X, X,, Xy5....., X, ar€ in AP with common difference /4
(B) the number of solutions of F(x) - G(x)=01is 10, V x
€ [0, 5]

(C) the sum of all solutions of F(x) - G(x) =0, ¥ x € [0,
Smlis T

(D) (B) and (C) are correct

,...., X_where
n

Comprehension - 6

Consider the functions

1 < R B

F(x) = X+ and g(x) = x5, I<x<2
2x+1 1<x<2 Xx+2, 2<x<3

The domain of the function f(g(x)) is

(A)[0, V2] (B)[-1,2]

©[-1,+2] (D) None
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27.

28.

29.

30.

31.

32.

33.

34.

The range of the function f(g(x)) is
(A)[1,5] (B)[2,3]
O [1,2] v (3,5] (D) None

The number of roots of the equation f(g(x)) =2 is

A1 B)2
©4 (D) None

Comprehension - 7

Consider the functions

[x], -2<x<£-1
f(x)= and
[x|+1, —-1<x<£2
x) [x], —-m<x<0
X)=
& sinx, 0<x<mw

where [.] denotes the greatest integer function.

The exhaustive domain of g(f(x)) is

(A4)[0,2] (B)[-2,0]
©[-22] D)[-1,2]
The range of g(f(x)) is

(A) [sin3, sin 1] (B)[sin3, 1] U {-2,-1,0}

(C)[sin1,1] U {-2,-1} (D)[sin1, 1]

The number of integral points in the range of g(f(x)) is
(A)2 B)4
©3 D)5

Comprehension - 8

Let f(x) =f,(x) - 2f,(x), where

min{x x|}, |x|<]
f(x)=
o {max{xz,x}, x[>1 and

fz(x):{min{x Jx[y, 1x]>1

max{x*, x|}, |x|<I

41 x) min{f(t):-3<t<x, -3<x<0}
X)=

andfet & max{f():0<t<x, 0<x<3}

For—3 < x £ —1, the range of g(x) is

(A)[-1,3] (B)[-1,-15]

O [-1,9] (D) None

Forx € (-1,0), f(x) + g(x) is

(A)x*-2x+1 B)x*+2x—1

C)x*+2x+1 (D)x2-2x-1

The graph of y = g(x) in its domain is broken at

(A) 1 point (B) 2 points

(C) 3 points (D) None

35.

36.

37.

38.

39.

40.

41.

Comprehension - 9

Ifa,=x,a  =f(a), wheren=0, 1,2, ....., then answer the
following questions.

Iff(x)= %/(a—x™), x>0,m > 2, m € N, then

(A)a =x,n=2k+1, where k is an integer

(B) a, = f(x) if n = 2k, where k is an integer

(C) The inverse of a_exists for any real value of n and m
(D) None

If f(x)= IL , then which of the following is not true ?
-X

1 x—1
(A) an=1 ifn=3k+1 B)a,= ifn=3k+2

-X X
(C)a =xifn=3k (D) None

Iff: R —> Ris given by f(x) =3 +4x and a = A+ Bx, then
which of the following is not true ?

(A)A+B+ 1 =22 (B)|A-B|=1
. A
© 11_r)n§ =-1 (D) None

Comprehension - 10

Let f: N — R be a function satisfying the following
conditions :

f(1)=1/2and f(1) + 2f(2) + 3f(3) +.... + nf(n) =n(n+ 1),
f(n) forn > 2.

The value of f(1003) is % , where K equals

(A) 1003
(C)2005

(B)2003
(D)2006

The value of (999) is % , where K equals

(A)999 (B) 1000
(C) 1998 (D)2000
f(1), f(2), f(3), f(4) , ..... represent a series of
(A) an HP (B)aGP

(C)an HP
(D) an arithmatico-geometric progression

Comprehension - 11

Consider the function f(x) satisfying the identity f(x) +

f(x_1):1+xvxeR—{0, 1}, and g(x) =2f(x) —-x + 1.
X

The domain of y = /g(x) is
" (_OO, 1—2\/5}{1, 1+ﬁ}

2
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42.

43.

44.

45.

46.

47.

48.

(B) [—oo i} U (0, 1)\{”2\/3, wJ

(C){ 1-+/5 } {—1;\/5’1}

(D) None

The range of y = g(x) is
(A) (=0, 3]
(C) (o0, 1JUIS, )

(B) [1, )

(D) None

The number of roots of the equation g(x) =1 is
(A)2 B)1

©3 D)0

Comprehension - 12

If (f(x))* x f( j 64x Vx € Df | then
+X

f(x) is equal to
wf 14X " 3 H_X "
©x" G‘—"j (D) x [ “")
+ X X
The domain of f(x) is
(A) [0, =) (B)R—{1}
(©) (—o0, ) (D) None
The value of f(9/7) is
(A) 8(7/9)** (B)4(9/7)\»

(C)-8(9/7)** (D) None

Comprehension - 13

2x+a, x=>-1

Let f(x)= {bxz 3« ; _,  andg()

) ox+ 4 0<x<4

- |-3x-2, 2<x<0
g(f(x)) is not defined if
(A) ae(10,0), be (5, )
(B)a€(4,10),be (5, ©)
(C)ae(10, ), be(0,1)
D)ae(4,10),be(l,5)
If domain of g(f(x)) is [-1, 4], then

(A)a=1,b>5 (B)a=2,b>7
(C)a=2,b>10 (D)a-0,b €R

49.

50.

51.

52.

53.

54.

5S.

Ifa=2 and b = 3, then the range of g(f(x)) is
(A)(2,8] (B)(0,8]
(©)[4,8] (D) [-1,8]

Comprehension - 14

x—1, -1<x<0 ]
f(x)= e 0<x<l and g(x) =sinx

>

Consider the functions h (x) = f(Jg(x)[) and h,(x) = [f(g(x))|.

Which of the following is not true about h (x) ?
(A) It is a periodic function with period 7.

(B) The range is [0, 1]

(C) The domain is R

(D) None

Which of the following is not true about h (x) ?
(A) The domainis R

(B) It is periodic with period 2.

(C) Therange is [0, 1]

(D) None

If for h (x) and h (x) are identical functions, then which of
the following is not true ?

(A) Domain ofh (x) and h,(x) isx € [2nt (2n+1)%],n € Z
(B) Range ofh (x) and h,(x) is [0, 1]

(C) Period ofh,(x) and h,(x) is 7.

(D) None of these

Comprehension - 15

Letf: R = R be a function satisfying f(2 —x) =f(2 + x) and

f(20 — x) = f(x) V x € R. For this function f, answer the
following.

If f(0) = 5, then the minimum possible number of values of
x satisfying f(x) =5, forx € [0, 170], is

(A)21 B)12

O11 (D)22

The graph of y = f(x) is not symmetrical about
(A) Symmetrical about x =2

(B) Symmetrical about x = 10

(C) Symmetrical about x =8

(D) None

Iff(2) # f(6), then the

(A) Fundamental period of f(x) is 1

(B) Fundamental period of f(x) may be 1
(C) Period of f(x) cannot be 1

(D) Fundamental period of f(x) is 8
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[PART 2 - ASSERTIONA AND REASON]

Each question has four choices a, b, ¢ and d out of which
only one is correct. Each question contains STATEMENT
1and STATEMENT 2.

Ifboth the statements are TRUE and STATEMENT 2 is the
correct explanation of STATEMENT 1.

Ifboth the statements are TRUE but STATEMENT 2 is NOT
the correct explanation of STATEMENT 1.
IfSTATEMENT 1 is TRUE and STATEMENT 2 is FALSE
IfSTATEMENT 1 is FALSE and STATEMENT 2 is TRUE.

Statement 1 : [f g(x) =f(x)— 1, f{x) + f(1-x)=2V x € R,
then g(x) is symmetrical about the point (1/2, 0)
Statement 2 : If g(a—x) =—g(a+Xx) V X € R, then g(x) is
symmetrical about the piont (a, 0).

Statement 1 : If f(x) = cos x and g(x) =x?, then f(g(x)) is an
even function.

Statement 2 : If f(g(x)) is an even function, then both f(x)
and g(x) must be even functions.

Statement 1 : f(x) =+/ax’ + bx + ¢ hasrange [0, ©) ifb?>—
4ac>0.

Statement 2 : ax? + bx + ¢ =0 has real roots if b> — 4ac = 0,
Statement 1 : f(x) = log x cannot be expressed as the sum
of odd and even function.

Statement 2 : f(x) = log x is neither odd nor even function.

Consider the function satisfying the relation if

2

Statement 1 : The range of y = f(x) is R
Statement 2 : Linear function has range R if domain is R.

f( 2tanx j_(1+cos2x)(seczx+2tanx)
1+tan’x

Statement 1 : f(x) = cos (x> —tan x) is a non-periodic function.
Statement 2 : x*> — tan x is a non-periodic function.

Statement 1 : For a continuous surjective function f: R —
R, f(x) can never be a periodic function.

Statement 2 : For a surjective function f: R = R, f(x) to be
periodic, it should necessarily be a discontinuous function.

Statement 1 : The graph of y = sec? x is symmetrical about
the y-axis.
Statement 2 : The graph of y = tan x is symmetrical about
the origin.

Consider the function f(x) = sin (kx) + {x}, where {x}
represents the fractional part function.

Statement 1 : f(x) is periodic for k = mmn, where m is a
rational number.

Statement 2 : The sum of two periodic functions is always
periodic.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Statement 1 : f(x) = sin x and g(x) = cos x are identical
functions.
Statement 2 : Both the functions have the same domain
and range.

Statement 1 : f: N — R, f(x) =sin x is a one-one function.
Statement 2 : The period of sin x is 27t and 27t is an irrational
number.

Statement 1 : The period of f(x) =sin x is 21 = the period
of g(x) =|sin x| is 7.
Statement 2 : The period of f(x) = cos x is 27t = the period
of g(x) =|cos x| is TT.

Statement 1 : The solution of equation ||x*—5x + 4| —|2x —
. 3

3= x*—3x + 1]is x € (—o0, 1]U > 4.

Statement 2 : If [x +y|= x|+ |y|,thenx .y > 0

Consider the functions f: R — R, f(x)=x*,and g: R >R,
g(x)=3x+4.

Statement 1 : f(g(x)) is an onto function.

Statement 2 : g(x) is an onto function.

Consider the function f(x) = log x and g(x) = 2x + 3.
Statement 1 : f(g(x)) is a one-one function.
Statement 2 : g(x) is a one-one function.

Statement 1 : The period of the function f(x) =sin {x} is 1,
where {.} represents fractional part function.
Statement 2 : g(x) = {x} hasperiod 1.

Statement 1 : If f: R = R, y = f(x) is a periodic and
continuous function, then y = f(x) cannot be onto.
Statement 2 : A continuous periodic function is bounded.

Statement 1 : The period of f(x) = sin 3x cos [3x] — cos 3x

1
sin [3x] is 3 where [.] denotes the greatest integer function < x.

Statement 2 : The period of {x} is 1, where {x} denotes the
fractional part function of x.

(A)A (B)B ©C

D)D

. 1
Statement 1 : The functions f(x) =x>-x + 1, x > > and

1 3
g(x)= 5t (X —Zj , then the number of solutions of the
equation f(x) = g(x) is two.

Statement 2 : f(x) and g(x) are mutually inversion.

(A)A (B)B €)C (D)D
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20.

21.

22,

23.

24.

25.

26.

27.

Statement 1 : If f{x) = In x? and g(x) =2 In X, then f(x) = g(x).
Statement 2 : For x <0, g(x) is not defined.
(A)A (B)B ©cC D)D

Statement 1 : A function f: R — R be defined by f(x)=x —
[x] (where [x] is greatest integer < x) forall x € R. fisnot
invertiable.

Statement 2 : f(x) is periodic function.

(A)A (B)B ©cC (D)D

Statement 1 : The domain of f(x) =+/cos(sinx) and g(x)

= /sin(cosx) are same.

Statement2 : - —1 < cos(sinx) <1 and —1 <sin(cosx) <1
(A)A (B)B ©C (D)D

Statement 1 : Every even function y = f(x) are not one-one
vV x €D,

Statement 2 : Even function is symmetrical about the y-
axis.
(A)A (B)B ©cC D)D
Statement 1 : f(x) = sin x + cos ax is a periodic function.
Statement 2 : a is rational number

(A)A (B)B ©)C

DD
Statement 1 : If f(x) = x> — 16x + 2, then f(x) = 0 has only one
root in the interval [—1, 1].

Statement 2 : f(—1) and f(1) are of opposite sign.
(A)A (B)B ©C DD
Statement 1 : The function f(x) = || is not one-one.
Statement 2 : The negative real number are not the images
of any real numbers.
(A)A (B)B ©cC (D)D
Statement 1 : The equation x* = (Ax — 1)? has atmost two
real solutions (is A, > 0)

Statement 2 : Curves f(x) = x* and g(x) = (Ax — 1) cut
atmost two points.
(A)A (B)B

(€)C (D)D

28.

29.

Statement 1 : If f(x) is odd function and g(x) is even
function, then f(x) + g(x) is neither even nor odd.
Statement 2 : Odd function is symmetrical in opposite
quadrants and even function is symmetrical about the y-
axis.

(A)A (B)B ©C DD
Statement 1 : The least period of the function.

f(x) = cos (cos x) + cos (sin X) + sin 4x is 7.
Statement 2 : °.* f(x + ) =f(x).
(A)A (B)B ©C D)D

[PART 3 - MATCH THE COLUMN]
TYPE 1

Following question contains statements given in two
columns, which have to be matched. The statements in
Column-I are labelled as A, B, C and D while the statements
in Column-II are labelled as p, q, r and s. Any given
statement in Column-I can have correct matching with
ONE OR MORE statement(s) in Column-I1.

Column-1I Column-II
(A) f:R—>R (p) one one
fx)=x-1)(x-2)...x—11)
B) f:R-{4/3} >R (qQ) onto
2x +1
=3
©) f:R—>R (r) many one
f(X) — esinx + e—sinx
(D) f:R—>R (s) into

fx) = log(x2 + 2x +3)

Following questions contains statement statements given
in two columns, which have to be matched. The statements
in Column-I are labelled as A, B, C and D while the
statements in Column-II are labelled as p, q, r and s. Any
given statement in Column-I can have correct matching
with ONE statement in Column-I1I.
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2.

Column-I

(A) Iff(x) =x>—4x+ 3, then graph of f(|x|) is

1
(B) If g(x)=——, then it’s graph is
Inx

(C) Iff(x)=x>—4x+ 3, then graph of |f(x)| is

O A [ N_A

D) If k(x) = L, then its graph is
{x}

\y

(8) < . > X
1 3
v
Column-1 Column-II
cos® X +Ccosx + 2 ( 7}
Ay 8 XTCOSXTS 0,~
(A) cos’x +cosx +1 () 3

Column-II

>
>

A

|(Veosx —sinx )(veos x ++/sinx )| [4 7}

(B) ‘ 3(cosx +sinx) ‘ ® |33
7 1

(©) 3(x"+2x"+3x" +1) (®) [0’ 5}

(D) log (x*+2x+2) t) [0, »)

4. Letf:R—>Randg:R — R be functions such that f(g(x))
is a one-one function.

Column I Column IT
(A) Then g(x) (p) must be one-one
(B) Then f(x) (qQ) may not be one-one

(©) Ifg(x)isonto,thenf(x) (r) may be many-one
(D) Ifg(x)isinto, then f(x) (s) must be many-one

5. Column I : Function Column I : Period
(A) f(x) = {(sgnx)*e™}"; x %0, (p) odd function
n is an odd integer

X

®) ()=

© 0, if x is rational
f(x)=

1, if x is irrational

1 + % +1 (q) even function

(r) neither odd
nor even function

(D) f(x)=max{tanx, cotx} (s) periodic
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10.

11.

{.} denotes the fractional part function and [.] denotes the
greatest integer function :

Column I : Function Column I1 : Period
(A) f(X) — ecos4 1'cx+x—[x]+cos2 X (p) 1/3
(B) f(x)=cos2m{2x} +sin 27{2x} (q 14

(©) f(x)=sin3m {x} +tan ©[x] @® 12
(D) f(x)=3x—[3x+a]—b,wherea,b € R* (s) 1

Column I Column IT
3n
(A) f:R—> [T’ ch and (p) one-one
f(x) =cot'(2x—x*-2).
Then f(x) is
(B) f:R—>Rand (q) into

f(x) = e sinq x where p, q, € R*.
Then f(x) is

(C) f:R"—>[4, o] and
f(x) =4 + 3x% Then f(x) is

(D) f:X —> Xand f(f(x))=x VxeX, (s) onto
Then f(x) is
Column I : Function

(r) many-one

Column II : Domain

(A) f(tanx) (p) |2nm —g, 2nn+g},n e’z

(B) f(sinx) ) 2nm,2nm + g} U

_2nn+5?n,(2n + l)n}n e’
(€) f(cosx) 0 [2nm,(2n+Drn],neZ

(D) f(2sinx) (s) [nn, nw+ %} neZ

Column I : Function Column II : Period
(A) f(x)=cos(Jsin x| —|cos x|) p m

(B) f(x)=cos(tanx + cot x) (@ =w/2

cos(tan x — cot x)
(O) f(x)=sin"! (sinx) + "™ ) 4=
(D) f(x)=sin®*xsin3x (s) 2m

Column I : Function Column IT : Range
(A) f(x)=log,(5+4x-x%) (p) Function not defined
B) f(x)=log,(x*-4x~5) (@ [0, x)
© f(x)=log,(x*~4x+5) ® (-»,2]

(D) f(x)=log,(4x-5-x%) (s) R

TYPE 2
Given below are Matching Type Questions, with two
columns (each having some items) each. Each item of
Column I has to be matched with the items of Column II,
by encircling the correct matches.

Column I Column IT
(A) Letf(x)=max{l +sinx, 1, I —cosx}, (P)g(f(1))=1

x €[0, 27t] and g(x) = max {1, [x— 1]},

x € R then

B) Letf(x)—ln(t—ijvxe(—la D (Q f(g0)=0

d (X)_ M h
and g 1+ 3x2 > then

(©) Letfix)=1+xandgx)=x-x% (R) f(g0)=1

then S gf(0)=1
el (553
Column I Column IT

(A) Ify=2|x—2|+3|x+ 1|, then (P) y={‘£’fj}’

x<-1
-1<x<2

5x—1,

B) Ify=2[x—2|-2x+1,then  (Q) y={x+7,

-1<x<2
x>2

_ ) x+7,
®) y_{—5x+1,

x<-1
-1<x<2

©) Ify=3|x+1|-2x—2|, then

X+7,
© v=|57

-1<x<?2
x=>2

-x -7,

(M y:{Sx—l,

x<-1
-1<x<2

Column II
(P) cot(cos™'x)

Column I
(A) The inverse of sin(tan™ x) is

(B) The inverse function of

fix)=1-2*is

C) The inverse function R) tan(sin™' x
© (R) tan(

90



FUNCTION

f(x) =2¥xD (S) —log,(1-x)
X
Ty ———
S Ry o
Column I Column IT
(A) The range of the function (P) a subset of [0, 1]
1 .
f(x)=—1s
() 2 —cos3x

(B) The range of the function

fx)= J(x—4) +:/(6—-x) is

(C) Ifthe function f(x) is

(Q) asubsetof[1, 2]

3
(R) |:_E:_l:|
1
) [E,l:l

™ [¥2.2]

Column IT
(P) periodic

defined for x € [0, 1], then the
function f(2x + 3) is defined for

Column I

(A) The function f(x) = (x —[x])%,
(where [x] is greatest integer
function < x) is

(B) The function

f(x)=log,(x-+ \(x* +1));2>0,

a#l,is
(Assume it to be an onto)
(C) The function f(x) = cos(5x +2) is

(Q)non-periodic

(R) one-one
(S) many one
(T) invertible

[PART 4 - FILL IN THE BLANKS]

The number of bijective function from set A to itself when
A contains 106 elements is .....

The period of the function f(x) = cos(tan x + cot x). cos(tan
X—cotX)is.....

200x
27X X e (10, 10) and f(x) = Af ,
% € (-10, 10) and (x) (100+ij

The function f(x) is defined for all real x. If f(a + b) = f(ab)

Vv aandb and f(—lj:_l’
2 2

then f(2012) = .....

The domain of definition of the function

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

1
f(x) =
() \/{sinx}+{—sinx}1

(where {.} denotes the fractional part function)

x’+e

Iff(x)=1n
®) [x2+1

], then range of f(x) is .....

Iffis an even function defined on the interval (=5, 5), then
four real values of x satisfying the equation

fx)= f(XJrlj are ........ prererrpernans and.......
X+
2F(n) +1
IfFn+1)=—7—,n=1,2,3,....and F(1) =2, then

2
F(101)=.....

Suppose that g(x) =1 ++/x and f(g(x))=3+2/x +x, then

Iff(x) =x*+ 2bx +2¢? and g(x) =—x*—2cx + b* such that min
f(x) > max g(x), then the relation betweenb and cis .....

If Z f(x +ka) =0, where a> 0, then the period of f(x) is

k=0

There are exactly two distinct linear functions, ..... and
which map [-1, 1]onto [0, 2].

The domain of f(x) = \/1—\/1—\/(1—)(2) is

Iff(x) =sin x + cos X, g(x) =x>— 1, then (gof) (x) is invertiable
in the domain.

If b2 — 4ac = 0, a > 0, then the domain of the function
f(x) =log [ax’ + (a + b)x* + (b+c) x +c]is

2
Ifg:[-2,2] > R where g(x) =x’ + tanx + [X ;1} isan
odd function, then the value of parameter A is

The period of the function f(x) = % (sin 3x + |sin 3x|+ [sin 3x])

where [.] denotes the greatest integer function, is.
TCZ
Range of f(x) = 3tan (? - xzj is

Let fix) = {1 |+X[’|‘]

(where [.] denotes the greatest integer function), then
f(f(-2.6))1is

x<-2
Xx>-2
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FUNCTION

20.

10.

11.

x<-1

_1< x < (- then its even extension is.

Let f(x)= _j;(

[PART 4 - INTEGER TYPE QUESTION]

Ifa, b and ¢ are non-zero rational numbers, then the sum of
|a]

all the possible values of —er+m is
a b ¢

The number of integral values of a for which f(x) = log
(log,, (log, (sinx +a))) is defined for every real value of x
is

Let f be a real valued invertible function such that

f(Zx—3) =5x-2,x # 2. Thenthe value of f!(13) is

X—2
The number of integral values of x for which the function

Nsinx +cosx +47x —x* —6 is defined is

If O is the fundamental period of the function f(x) = sin*x +
sin” (x + Z?RJ +sin” (x + 4—;}, then the complex number

z=|z| (cosO + i sin 0) lies in the quadrant number.

The number of values of x for which

“|x2—x+4|—2|—3‘:x2+x—12 is

The number of integers in the domain of function,

x*+1

satisfying f(x) + f(x ') = , 18

I[f4*—2*2+5+|b-1]-3|=siny|, X, y, b € R, then the
possible value of b is
A function f from integers to integers is defined as

neodd

_In+3,
f(x)= n €even

n/2,

suppose k € odd and f(f(f(k))) =27. Then the sum of digits
ofk is

Let f(x) = 3x2— 7x + ¢, where c is a variable coefficient and

7
x> g . Then the value of [¢] such that f(x) touches f(x) is

(where [.] represents greatest integer function)

Suppose that f(x) is a function of the form

ax® +bx® +oxt +dx> +15x +1

f(x) = , (x#0). Iff(5)=2,

X

then the value of [f(—5)|/4 is

13.

14.

15.

16.

17.

18.

19.

20.

4
CIfx= 9 satisfies the equation log (x>~ x +2)>log (—x*+

2x + 3), then the sum of all possible distinct values of [X] is
(where [.] represents the greatest integer function).

The number of integral values of x satisfying the inequality

3 6x-+10-x2 27 .
— <— 18
4 64

If f(x) = V4—x* +vx* —1, then the maximum value of
(fx))*is

The function f is continuous and has the property

1 3).
f(f(x)) = 1 —x. Then the value of f[Z] + f(Zj is

The number of integers in the range of the function

(\/cosx —\/sinx)(\/cosx +\/sinx)

(cosx +sinx)

f(x)= |4

If T is the period of the function f(x) = [8x + 7] + [tan 27tx +
cot 2mx| — 8x (where [.] denotes the greatest integer
function), then the value of 1/T is

LetE={1,2,3,4} and F= {1, 2}.If N is the number of onto
functions from E to F, then the value of N/2 is

If f(x) is an odd function, f(1) =3 and f(x + 2) = f(x) + f(2),
then the value of f(3) is

Leta> 2 be a constant. If there are just 18 positive integers
satisfying the inequality (x — a) (x —2a) (x —a?) <0, then
the value of a is.
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ANSWER KEY DPP
DPP 1

1. {x X :Ll,where n is anatural number and 1<n < 6}
n+

2. ()—>D) (i) —> () (iil) > (A) (ivy)—>@B) 3. © 4. (B) 5. (A)
6. (i) Wehave,X={A,L,L,0,Y},B={L,0,Y,A,L}. Then X and B are equal sets as repetition of elements in a set do not change

aset. Thus, X={A,L,0,Y} =B
(i) A={-2,-1,0,1,2},B={1,2}.Since 0 d Aand 0 d B, A and B are not equal sets.

7. No.AZBasie Aandig B
No.BZ Aasde Bandd ¢ A

8. (D) 9. () 1. A-B={1,3,5},B—A= {8}

DPP 2
1. (-2,) 2. xe[8, o) 3. x<3 4. x€(2,3) 5. x € (0, 1)U (2,3)
6. —1<x<2 7. _THSXSS 8. x e (-0,-1)U(0,1/2)U(l-x) 9. X € (—00,-3) U (-2,-1)

10. x € (—0,-9) U (-9,-3) U[-1,0) U (0,2) U [4, 6)

DPP 3
1. B 2. (© 3. (© 4. (D) 5. (C) 6. (A)
7. (©) 8. (© 9. (B) 10. (B)
DPP 4
1. [—%,ooj 2. [V2,0) 3. (=0, 5]U[9, ) 4. [0, 2] 5. (D)
6. f(A)=1{0,-2,18,28,108}, f(A) # B 7. D= {¢} 8. D) 9. (C,D)
10. (B,D)
DPP 5
1. 2nn—%<x<2nn+7?n;nez 2. (—oo,—%:|u[l, o) 3. ISf(x)S\/E
. 6’ 3 3 ’ 5. (1) COS[ 5 ] (11) [_ > ] (111) [_ 5 ]
) [0,0) ) [~2,42]
DPP 6
1. xe (=0, —1)U0, o) 2. (8,10) 3. Xe(%,g) 4. X € (=00, — 6] U[-2, 4] U8, o)
1
5. xe(=5-2)u(-1, ) 6. xe{O,ﬁ} 8. xe[l,4] 9. x € (1,000 U {1}

10. (i) 1ong <log(5x> —8x+4)<ow (i) (-oo,?2]



13.

11.
21.
31.
41.
51.
61.

DomainisR -1,

1
) XeR—{—E,O} (i) xe(=2,-)u(=1,0)u(,?2)

Range={1,-1,0}

onto

Range is (—o0, 0).

3.

DPP 7

DPP 8

(a) f(x)is many-one and neither surjective nor injective.
(b) Function is onto Many one and Surjective but not injective

(c) Function is many one and neither injective nor surjective.

p—>(b,d),q —>(a, ¢),r —>(a,c),s = (b, d), t = (a, ¢)

f(2)=f3" =
fix) f(x) =3 Vx eR =
181 10. 1561
L 2. 21

5 . 7
997.5 7. A
¢ =1 and d is arbitrary.
Neither odd nor even
(i) Even (i1) Even (iii) Even
(1) Invertible (ii) Not invertible

~ x+38 3 x—=5

gx) =—3 S
1 8. ()4n
4n 10. 15
2 14. Periodic
© 2. (A 3. (D
© 12. (B) 13. (B)
© 22. (B) 23. (B)
© 32. (O 33. (D)
B) 42. (O 43. (B)
B) 52. (D) 53. (B)
D)

many-to-one function

into function

3. f(x)=
8. -1
(i) Odd
_3+45
2

4. fi(x)= %(ahaﬂ)

(iv) Odd

X

9.

(ii) Neither even nor odd

(i1) Not periodic

11.

14.
24.
34.
44.
54.

1

B)
B)
(A)
D)
(A)
D)

DPP 9

4004
-X

DPP 10

5.

8.

DPP 11

L T
(iii) 3

12. Periodic Function

6.

10.

6.

EXERCISE -1
5. © 6. (B
15. (©)  16. B)
25. (C)  26. (C)
35.B)  36. (O
45. D)  46. (A)
55. C)  56. (B)

0<1-

1+ {x}

x € (-0, 1]U[12, ) —{2,3,4,5,6,7,8,9,10,1 1}

f(x)=1->—
X

5050

(iii) Even

0dd, f(0) # 0

(S|

(iv)2n

17.
27.
37.
47.
57.

B)
D)
B)
©
D)
D)

18.
28.
38.
48.
58.

©
B)
(A)
D)
©
©

19.
29.
39.
49.
59.

(A)
B)
©
(A)
©
B)

10.
20.
30.
40.
50.
60.

D)
(A)
B)
D)
B)
B)



1. (B,C) 2. (A,B,Q)

8. (A,B,C) 9.

(A, 0)

15. (A,B,D)  16. (A,B,C,D)

22. (B,D) 23.
29. (A,B,C,D) 30.
36. (B,C,D)  37.

PART -1
Comprehension 1

1. © 2. (D)
Comprehension 3
11. (© 12. (O
Comprehension 5
21. (© 22. (B)
Comprehension 7
29. (© 30. (©
Comprehension 9
35. (D) 36. (D)
Comprehension 11
41. (B) 42. (©
Comprehension 13
47. (A) 48. (D)
Comprehension 15
53. (O 54. (O

PART - 11

Assertion Reason
1. (A 2. (©
11. (A) 12. (A)
21. (A)  22. (D)

PART - IIT

B)
(A,D)
(A,B)

13.

23.

31.

37.

43.

49.

5S.

Match the Column Type

L0 w=

D)

B)

©

B)

©

D)

©

©

D)

- B
23.

(A)

3.

10.
17.
. (A,D)
31.
38.

B,0)

(B,D)
B,0)

(A,B)
(A,B,C)

14. (O

24. (O)

4. (B

14. (B)
24. (A)

EXERCISE - 11

4. (A,B,C)

11. (B,D)
18. (A,B)

25. (B,C)

32. (A,B,C)
39. (A,B,C)

5.(A,B,C,D) 6. (A,B,C,D) 7. (B,D)

12. (A,D) 13. (A,Q) 14. (B,C)
19. (O 20. (A) 21. (A,C,D)
26. (A,B,C)  27. (A,B) 28. (B,C,D)
33. (A,D) 34. (B,C) 35. (A,B,C)

40. (A,B,D)  41. (A,B,C,D) 42. (C,D)

EXERCISE - 111

15. (A)

25. (O)

5. (D)

15. (B)
25. (A)

(A)=>(1,9); (B) = (p,8); (C) = (1,8) ; D= (1, 5)
(A) = (@) ;B) = (1) ;(C) = (p); (D) = (s)

(A) = (p); (B) = (9); (C) = (g 8); (D) = (p, 1)
(A) = (1,8);(B) = (1,5);(C) = (p, 0) s (D) = (p, 9)
(A)=(@);B) = (9); (C) > (s); (D) = (p)

®HNRD

Comprehension 2

6. © 7. B)
Comprehension 4
16. (B) 17. (A) 18. (A) 19. (A)
Comprehension 6

26. (O 27. (© 28. (B)
Comprehension 8

32. (A 33. B) 34. (A
Comprehension 10

38. (D) 39. (© 40. (©
Comprehension 12

44. (A) 45. (B) 46. (O
Comprehension 14

50. (D) 51. (©) 52. (O

®

A 9 B

6. B 7. (A 8 (A) 9. (©
16. B  17.(A)  18. (A)  19. (D)
26. ©) 27.(A) 28.(B)  29. D)

(A) = (1);(B)—>(p); (C)—>(s); (D) —>(q)
(A)—=> () ;(B)—>(q,1);(C)—>(p); (D) —>(q,1)
(A) = (8); (B) = (1) ;(C) > (s) ; (D) = (p)
(A) = (3);(B)=>(1);(C)—>(p); (D) —>(q)
(A) = (1); (B) > (5); (C) > (q); (D) > (p)

10. (O

20. (B)

10. (D)
20. (D)



PART - IV
Fill in the Blanks

1. 106! 2. w2 3. 12 4. -172 5. an—zn,nel 6. (0,-1]
7. xoTlEds Z1oV5 345 345 8. 9. 2+x 10.
2 2 2 2
1. (n+1)a 12. x+1lor x+1 13. R 14. x e {—%,ﬂ
15. R~{(—OO,—1){—£}} 16. A € (5,0) 17. E
2a 3
4x, 0<x<1

18. [0,3+/3] 19. 2 20. f(x)—{4’ o1
PART -V
Integer Type
1. (0) 2. (3 3. 3 4. (3 5. (3 6. (1 7. 8.
10. (5) 11. (7 12. (1) 13. (7) 14. (6) 15. (1) 16. (5 17.
19. 9 20. (5

EXERCISE -1V
1. A) 2. B 3. (A 4. (B 5. (B) 6. ® 7. O 8.
10. (B) 11. (O 12. (D) 13. (A 14. (D) 15. (A) 16. (D) 17.
19. (D) 20. (O 21. (B) 22. (O 23. (B) 24. (A) 25. (O 26.
28. (B) 29. (B) 30. ®) 31. 3) 32.(4) B) (i) (A) (i) D) () (A) ¥
33. () (D) (i) (A 34. () (© (i) B) 35. (B) 36. (A) 37. (A) 38.
39. (B) 40. (B) 41. (A,B,C) 42. D) 43. (D) 44. D)  45.
46. (O 47. (A)

MOCKTEST
1. @ 2. xe[l,2)U(2,3] 1slog2(5inx_°3%x+3ﬁ]sz 4.
5. xe[2,o). 6. 107 [-1,3] 8.
9. f(n)=(n+1)> 10. f(x)zlf%2 11. 2x—3or-2x+2 12.
13. ne(nn—g, nn+tan12j 14. f'x)=x+2
15. (a) periodic function (b) periodic function (c) periodic function
16. n € [9,10) 17. There are exactly six solutions. 18. (B) 19.
20. (O) 21. (A,B) 22. B)
23. (A,B,C,D) 24. (A) 25. a—>p;b—>q;¢c—>q,s;
26. (D) 27. (O 28. (©) 29. 0) 30. (4)

e >~/2 |b|

@) 9. (6)
) 18. (7)
© 9. (B)
(A)  18. (A)
®) 27. (B)
D)

(A)

D)

x € [3/2,2]

B)

[0, 1]

(d) non-periodic

A)

d—>p,r
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